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"Study of Transonic Flow in a Converging Diverging Nozzle."
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The authors would like to acknowledge the contributions of Dr.
James. R. Kliegel, who suggested this study, and Dr. Thomas J. Tyson,
Their many helpful suggestions during the course of this study were

appreciated.
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ABSTRACT

The transonic equations of motion for a converging diverging nozzle,
including the effect of variable gamma, have been solved in toroidal
coordinates using a combination of an asymptotic small parametér expansion
and a double coordinate expansion. The analysis was kept general so that
high order solutions could be recursively calculated. It was found' that the
use of toroidal coordinates and different expansion parameters did not
significantly extend the range of normalized throat wall radii of curvature
for which expansion solutions could be accurately caiculated. An explanation
of why expansion methods fail for small R is given. Calculations made,
including the effect of variable gamma (for a homogeneous unstriated flow),
indicate that its effect is negligible in the transonic region. A new technique
for solving the subsonic portion of the nozzle flow is also described.
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NOMENCIATURE

sound speed
coefficients in f,, €Xpansion, eq. (37)

coefficients in the series expansion of UN' eq. (51)
known coefficients in subsonic difference equations, eq. (91)
coefficients in the qf,WN expansion, eq. (45)

coefficients of the 1/n,, series, eq. (46)

known coefficients in the subsonic difference equations, eq. (93)

used in trig. and hyperbolic function expansions, eq. (41)
eq. (62)

used in velocity derivative expansions, eq. (42)

eq. (60)

groups of terms in the transonic momentum equation, eqg. (43)
eq. (59)

parameter introduced to account for variable yeffects
coefficients in coth n series, eq. (47)

eq. (44)

eq. (57)

used 'to represent products of velocity series multiplications,
eq. (61)

matrix of coefficients in the transonic edquations
metrics

step size in x direction, AX

column vector of unknowns is transonic equations

step size in y direction, Ay

homogeneous terms in transonic equations
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molecular weight
pressure

eq. (26)

velocity

radial coordinate

throat radius of curvature

nondimensional throat radius of curvature, rc/r*
homogeneous terms in subsonic difference equations

Universal Gas Constant
entropy
eq. (44)

eq. (58)

temperature

longitudinal velocity
transverse velocity
velocity perturbations
nondimensional velocities
Nth order velocities

velocity on the subsonic "start line"

cartesian coordinates, also transformed coordinates
in subsonic analysis

longitudinal coordinate

" equals (1 + ,B)/I‘z

constants, eq. (48)

ratio of specific heats
special function, eq. (49)
expansion parameter

toroidal coordinate
normalized coordinate

angle used in derivation of coordinate transformation
special function, eq. (50)
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normalized coordinate

wo |
l

0 —  density, complex variable in eq. (A-1)
g — direction cosine

Superscript

* —_ at the sonic condition (except r* is the throat radius)
Subscripts

w — at the nozzle wall

0 — at the throat axis point
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I. INTRODUCTION

The trahsonic flow region in convergent divergent rocket nozzles has
been widely studied, however, completely satisfactory solutions have yet
to be achieved. The problem has been attacked by various expansion
techniques (Refs. 1-6) ranging from double power series expansions to small
parameter asymptotic expansions about the sonic condition. All of these
expansion methods are similar, in the sense that they calculate perturbations
about the one-dimensional flow solution. The deviation from one-~dimensional
flow is determined by the normalized throat wall radius of curvature, R, i.e.,
the ratio of the throat wall radius of curvature, r., to the throat radius, r*.
Although these techniques have been successfully applied to a variety of
transonic flow problems, they have a common shortcoming; their inability

to handle nozzles having small normalized throat radii of curvature, R < 1.

Another class of transonic solutions (actually combined subsonic~-
transonic solutions) consists of numerical solutions of the exact partial
differential equations of motion, (e.g., Refs. 7-9). While such solutions
are not subject to the limitation on R, they are subject to varying degrees of
numerical instability and must go through lengthy iterations to satisfy the
throat choked flow singularity. As a result, the numerical methods achieve
solutions only at the cost of large amounts of computer time and money, and
currently cannot be considered to be economically feasible engineering

design aides.

In Reference 10, it was conjectured that the limitation of the expansion
methods to R = 1 was due to the coordinate system employed (cylindrical)
rather than a fundamental limitation of the method itself. In cylindrical
coordinates, the nozzle wall boundary condition requires the flow angle to be
equal to the local wall slope. The wall boundary is not a coordinate line in
cylindrical coordinates and the boundary condition cannot be exactly satisfied.
Also, the radial velocity, v, is proportional to the boundary slope, which can
become large for R <1. It was suggested that one could reasonably expect
the accuracy of the solution to be improved by seeking a solution in toroidal
coordinates, wherein both the wall and axis are coordinate lines and the
boundary condition is reduced to its simplest form and can be exactly satisfied.
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In addition, the normal coordinate lines would be approximately sireamlines
and the radial velocity would everywhere be small. 1t was also hypothesized
that changincj the expansion parameters from 1/R to 1/ (1+R)+ would result in
series expansions which were better behaved at small R, because the latter
parameter does not become greater than unity for R less than one. Hall's solution
was recast as series in 1/(1+R) in Reference 10 and the results, which were
claimed to be the toroidal coordinate solution transformed to cylindrical
cooxjdinates , wWere very encouraging when compared to the data of Reference 11
for R = .625. These results provided the impetus for the current study to try
and extend the region of applicability of the expansion technique

by obtaining the transonic solutions directly in toroidal coordinafes .

It was also decided to formulate the equations so that the general nth order

solution could be recursively generated.

The main thrust of the current effort was then directed towards obtaining
nth order transonic expansion solutions in toroidal coordinates using a
combination of an asymptotic parameter expansion and a double coordinate
power series expansion. The development of the transonic equations and their
solution is presented in Sections II and III and the computer program developed
to perform the calculations is described in Appendix E.

In Section IV, a novel way of finding the flow field in the subsonic regime
is developed, based on the assumption that a local transonic expansion
solution can be ﬁsed to generate a subsonic "start line" thereby
eliminating the need to iterate to satisfy the mass flow singulari_ty at the
throat.

L
2

Ta/m

i
and (1/R+1)* is the terminology used herein.



1I. TRANSONIC EQUATIONS

Transformation to Toroidal Coordinates

In order to write the equations of motion in toroidal coordinates, the
transformations from cartesian and cylindrical coordinates to toroidal
coordinates are required. The relationship betweenr, z and £, n (the toroidal
coordinates) is given in the following; together with the transformations for
converting velocities in toroidal coordinates back to cylindrical coordinates.
The derivations of these transformations and the metrics of the coordinate

system, which are also needed, are outlined in Appendix A.

A circular arc throat forms a coordinate line in toroidal coordinates
(n = const.), hence, for a throat of height, r*, and normalized radius of

curvature, R(= rc/r*) , the transformation from cylindrical to toroidal coordinates

becomes
iy
r _ (L+2R)*® sinh n
r* cos € + cosh 1

1)

1
z _ (L+2R)® sin &
r* cos & + cosh n

and the location of the throat wall is given by

1
( )§
1 LRt
Nw® Z An Lron? (2)

If v, and vZ are used to denote the velocities in the r and z directions,

respectively, and u and v are the velocities in the £ and n directions; then

_ sinh 1 _sin ¢ ’: _ __sinh®q
V=Y [cos £ + cosh n) * v|coshn (cos £+ cosh ’q)]
5 ¢ ; (3)
- sin - ‘sin & sinh n
Ve T U [cos £+ (cos & + cosh 1) V Tcos € + cosh 1)



Sound Speed Expansion

In order to account for the effects of variable gamma, the sound speed
is expanded around the sonic condition as a function of pressure. However,
the equations of motion will be written in terms of velocities, so Bernoulli's
Equation is used to find pressure as a function of velocity. It is assumed that
the equation of state is

_ PAT
p = P& @)

where R is the Universal Gas Constant and M is the molecular weight of the
gas. The sound speed is given by

2_ 3P| _ YP

where Y is the ratio of specific heats, and is a function of the thermodynamic
state of the gas. Since the nozzle flow is assumed to be irrotational and

homentropic, Y is a function of only one state variable.

_ P
_(de
Let P S* 5
P
| (6)
oP p oP BPZ aZ

Expand P as a function of P in a power series

(7)

Bernoulli's equation is

2 a2 P ap
-5 v ) =0 (8)
P*



or

Therefore, pressure as a function of velocity is

p¥%
2

*
2_ ) 4 2 (@x? - g2

4a%*

P - P* = (a* + .. . (9)

Expanding the square of the sound speed, a2 , as a function of P

gives
2 2 2
2 2, da 3" a 2
a=a*+~33g@—Pﬂ+——7—h@ePﬂ,+,,. (10)
3P
where ;
2 2
ca  _ Y -1 . a_ 3y
oP o Y oP
(11)
2%a? _ _ (v-1) + £2y-1) 3y a® 22y
) Z 2 Yp P Y 5p2
Substituting (9 ) into (10) yields the desired sound speed expansion
g2 = gely X* -1 @*% - ¢%) + ?"a*zp* ~ax? - g?N
2 q i Y* A 2 ~
(12)
+ 2 * ,/a*z - 2\\2 ‘*| gl I + a*zp*z /a*z _gz\,z sz I
N A =T £ VAN
Equations of Motion in Toroidal Coordinates
For inviscid, homentropic (and, therefore, irrotational) flows, the
general equations of motion can be simply written in vector form as
Vxd=0 (13)
.
3.2 -afv.gd=0 (14)



Equations for the curl, divergence and gradient in a general orthogonal
coordinate system are given in Appendix A. Applying equations (A-17 - A-19)
to the velocity Vector 3 =y &’g + v &’ , with the metrics and their derivatives
given by equations (A-14 - A-16); and noting that 3/3 ¢ = 0, yields the
equations of motion in toroidal coordinates.

sin € u sinh 7 - -
cos € + cosh 7 v V§ * cos £ + cosh n un 0 (15)
2 2; 2 2 L2 __2sin g
W = a%ug + v -a )Vﬂ ¥ uv(un~+ ve) = a" oo g+ cosh n
(16)
2 T _ —2sinh oo
matvcothn = oy cosh 1 J 0
where a2 is computed from (12), keeping only the first correction term
2_ 2. (-1 .2 2, [a*ioe* rax? - o2 N4y
af =avt+ U=b @ - o)+ (A (S ) gk A7)

It is better to work with nondimensional variables when series solutions
are being sought, therefore, equations (15~17) have been nondimensionalized
by assuming the following forms:

P

p* a*

=41 v =X P =
u = S v o= P=

a¥* 2

and a parameter, &, which incorporates the effect of variable, y, has been
defined

1 g
&= Y (y*+1) :j}-g | (18)



Inserting these relations into (15) = (17) results in the following
nondimensional equations:

sin § gy sinh 7 - _ = _
cosg-t-cosh'nv-"V,E"-cos§+coshnu un‘—O (19)

r =2 _ . YE 2 = .7 52 (X5= -
L(1+.B)-—(1+.B)u Y*+1+‘8/v 5+L(1+.&)—-(1+.B)v - Y*+1 .8~ SV

_ 2 y*-1 2 sin §
y*+1 uv (u +V)+L(l+'3) ( Y¥+1 +‘& (u +V) Z{cos £+ cosh n u (20)

N —

v=_0

+A+D) - GaT v 8, (WY ):IECCOth 17 cos £+ cosh n-

The equations are then specialized to the transonic regime by assuming
that the velocity components can be written as

(21)

Substitution of (21) into (19) and (20) gives the transonic equations of
motion

sin E ) ) sinh n

cos E+cosh i ¥ +V§+cos§+coshﬂ(l+u)"%n=-0 (22)
- . -
%“(1+ﬁ)(2u'+u'2) o= \%*—-l-_% +,B ! J'u'g

s - rs) v? -2 Bt s - (B v w? v -

2 H 1 1 1 1
L y*+1 ~ 'Y*'l‘]. \ y*+1 2 e+ (V +tu'v )(un+V§)

r g (X¥=2 yx xR N2 2 sin §
+ { y*+1 \y*+l +°5 u’ 3\y*+1+°& \v*+1 +‘B V! tcos € + coshn



k=1 _ 27 2 8in € ' 23
\Y*+l +"B’ \Y*"‘l +‘B> !'cos E+cosh 1 U (23

w12 Z/Y =1,
Ly*+1 \y*+1

i ]
Lol pw?- (Gt + 5)v? Tooth - 28l Ty _ g

N\
+bu cos E+coshn..

\ y*+ 1 y*+1

Parameter Expansion

The solution of equations (22) and (23) will be sought by a combination
of an asymptotic parameter expansion and a double coordinate power series
expansion. In carrying out these expansions, it is desirable to normalize the
coordinates so that the scaled coordinates are of the same order. The proper
forms for the velocity series must also be found.

Following Hall (Ref. 1 ) an expansion parameter involving the non-
dimensional throat radius of curvature, R, will be used. _ The form of the -
expansion parameter, ¢, is dictated by the boundary condition at the throat wall,

v=0atn= (24)

U
Without choosing ¢ it is shown in Appendix B that, in general, in order to

obtain a nontrivial solution, the coordinates must be scaled as
E= n=4 (25)

and the velocity expansions are of the form

2 u (g, m) + et wl(E, M+ ...

(26)
[ - 3 - - 5 _— —
vi=etvi(E, m) + e vylE, M)+ ...

For large R, equations (25) and (26) should reduce to Hall's (Ref.1 )

results if transforrhed back to cylindrical coordinates.



From equation (2) it can be shown that
- 1 )
Mw T RE (27)

for large R, hence,

Lim ¢ = A
RE (28)
R =+ o«
and
1 1
=0 = 0{=
n (;;é) g= 0(3) (29)
The order of r/r* and z/r* may then be found using equation (1)
I _ 2z _nf_L
— = 0(1) and 5 =0 <E_g‘> (30)
and the velocity expansions become
u u
u' = —Rl + —%— oo
- R
(31)
1 rvVL V3
Vl = e + vy + s & &
'R'%, R R ]

As expected, Hall's results are reproduced in the limit of large R.

Hall treated only the case where & = l/R% , in cylindrical coordinates
and his analysis was not applicable to nozzles with R < 1. Based on the
favorable results pfesented in Ref. 10, it was felt that the use of toroidal
coordinates, together with an expansion parameter which was well behaved
for small R, would allow Hall type solutions to be extended to small values
of R, Equation (28) represents the only restriction on allowable forms for €
and the solution to be outlined below doeg not add any additional constraints.
While the method of solution will be valid for any € (satisfying (28)) particular
attention will be paid to the following two forms,

3
e = ,i.l_;"__zi{)__ (328)

1+R



and

¢ = ey (32b)
{1+R)=
The first form is immediately suggested by the equation for Nw (equation (2)),
while the latter seemed to be a good choice based on the results of Ref. 10.
Using equations (2) and (32a), the wall expansion becomes

3 5
-1 l+te _ e’ . &7 (33)
7 _Z,Q,n - ¢ € + 3 4 £ b

while equations (2) and (32b) give

Mw = 6[2% + f_‘_‘j

2n
(34)
5 o, ]

1
where
(m b B, T R (D] e
j=0

— )i
n 2n+1 a=0 a+1 Lh=a)!

Equations (33) and (34) both show that N = 0{e), . in agreement with equation
{25). Since Ny and € are the same order, it was decided to first seek solutions
with the coordinates normalized as follows:

ra n =0 (36)

gmﬁgnw nW

so that the wall is always at wﬁ = 1 and the resulting solution is universal for
all R.

The nth order differential equations are obtained by expanding all of the
terms in equations (22) and (23) and equating like powers of €. The velocities are
expanded as in equation (26), the wall boundary, equation (2), is expanded in
the form

=€ 2, a_e (37)
n:

10



where the an's depend upon the choice of € (equations (33) = {(35) give

the an's for two possible choi_ces for €). In addition to the above expansions,

trigonomeiric and hyperbolic function expansions, products, and powers of
series occur, and general formulae are required for expressing the resultant

expansions in a form where all of the terms containing like powers of ¢ are:

accumulated.

Given two series of the form

© (cL + c,n) o €, +ccn)
b e 4 and 2 a_e 379
n= czn m=cy

A general formula has been derived for computing their product, wherein all

terms of equal powers of ¢ are explicitly determined. The formula is

- P-3
c4P By 2

[+
2 € 2 b a
c,P-8,-cC m
P=q m=c [ 4 1 73 ]
1 —_— )=-m
(28
where
°3=c°3 T €3
on=c3+c4(cl+cz)
Bp=a =0
and c‘]:=c5

(38)

If Cy # Cg, @s occurs in the expansion of sin & and cos £, a special function,

8, can be defined which allows those expansions to be written in the same
form as equation (38).

11



The diligent application of equation (38) to all of the terms in equations
(22) and (23) yields the general, nth order, toroidal coordinate, differential
equations. In order to make the analysis more practicable, several inter—
mediate variables have been defined (A's, B's, C's, etc.). Appendix C has
been included so that these variables may be more readily related to the terms
appearing in equations (22) and (23).

The irrotational equation (22) contains only odd powers of €, say
e, o=1,3,5,..®, IfP=(x+1)/2, thenP=1,2,3 ... is the
order of the equation. The Pth order irrotational equation (containing all

terms with €25 1) is
P=2
v (p-3) T 2 Bp-1- R, "R Y Z QB(P R)4+B(P—R) ><G - 4>
(39)
P~-1
+ BPl + v(P~2) R§=31 B(P—R)l uR= 0

The P th order momentum equation, P=1, 2, 3 ... », contains all terms

of order G;ZP, and is given by
P-1
KE E(P_K)l K, + T, EPZ + v (P~2) KA? E (p- K)z K, - v (P-2)T, K? E(p- ®), 3
P-1 P-2
+ 2L, BP3 + 2v (P~2) K§1B(P—K)3 DK4 +2 v (P-3) 2 E(P K)4 . (40)
P-1
+ T, EP5+ v (P=2) f?i (P-%), Dy 5=0

12



N = (~1+2m)
B o= = All+2m), (P-m) "
PI  m=1 (-1+2m)!
P n2fa
Bp = D 1 Com@m) zznrl’} Lom
2 m=0 ’
_ 1y {1y (P=1-n)/2 7 (P-n)
5 _ PZI 6 (P 1 n)( 1) g A(P-—n) .n ( 1
P3 n=0 (B -n)! *
o1y (P-n)/2 = (P-n)
_ % 5 (P-n)(-1) € A-n),n
Bp4 n=0 (P-n)!
P
_ —2m-=1
Bp. = 2 em" T Aem-1),-m
P o P+1
Cp = Z Ppogv ng Py T o2 Plerion) ‘ng
i . (42)
CP2 :7)1 (P-n) "n— Cp 4 B nZ) (P-n) ©
K-1
D, == (1+8)[2 u, + v K-2 - v (K-
X, (2 ug * v K-2) ﬁlu(x-n)un] vE-3) T, EIV(K ~1-n) Vn
D, ==(1+58 -
X, (I1+.8)v({K=-3) Z‘ V(K ~1en)Vn 2 e - 1"1\)(K—2) Z u(K ) Yn  (43)
o = s K-1
K3 = VK Vv (K"Z) n§1 u(K=-n) Vn

13



K-1 K=-2
Dy ==-I'3u - v K- 2)31“ E U(gap) B v(K-S)I‘ >

. n=1 V(K-1-n) Yn
K-1
Dy = - v{-2) T n?l U gp) Up = ¥ &-3) ?3 L V&-1-n) Vn (43) Cont.
K-1 K-2 .
DK6 = e 21"1 U.K - \)(K“"Z) r nz . U.(K__n) un - \)(K"3) r]. :1[—’—;1 V(K-l_n) Vn
Bq, = 4% .S, <B + BR2>
1
E. = QE o] Br + Bp
Q-1
Bo, ~ Rz_i_(‘) <C (@-R), " @R 1) @RLI * BR2> (44)
Q-1
o, = 2, %0-R B
_.1 2
EQ5= R—_-:OV(Q-R) SR -2 v(Q-2) V(Q -R) R
= % B (B "+ B >
O IS P
=1
o,n
Al,n - %
n
— ) = ) (45)
Mo = B sty Moro.
A=-=1,n= bn

14



1 nil

b = =8 = . @

n o .=y “@rm) °m T 1.2,

eO = 1
N 1 n-1 em

°n = o)1 T ? [2(n-m)+ 111t n=1,2...

m=0
_((Y*-1 2
n=(Err o) Ty = 7%+1

ry =2t o)

5(s) =‘-%—[ 1)S+l 1]

i.e., for s even 5(s) =1
for s odd 8(s) =0

I

and v(s) =0fors <0

1fors =0

1l
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Coordinate Expansion

To solve the differential equations for a given order, each of the velocity
coefficients (i.e., Upr Ug seei Vis Voo .) is expanded in a double power
series in £ and n. From the symmetry of the problem, the u coefficients must
be even functions of Tn‘ and the v coefficients odd functions. Thus,

N N=-m

Uy = 2 2 a T™ 4 2n
N m=0 n=0 N.mn

(51)
N N-m >
- ) S b E‘m 'ﬁ (41’1"' 1)
=0 n=0 N.mm

In the course of expanding equations (39 and (40), many series multi-
plications must be carried out and the resultant product series expressed in a
form wherein all of the terms involving like powers of -E and ﬁ are explicitly
collected. The use of the general formula (38), properly.defined v functions,
and the following general formulae for interchanging the order of summations
make this long and difficult task a bit more practicable.

Given a double summation of the form

B
2

m=A n

I 43

Q
C
it is equivalent to
B-a B
> > v (m - 3) (52)
n=C m=n+a

sinceA-qo = C

Also, forAz K

o
i
o}

K A=m
by 2 v K = m) (53)

]
L

m=0 n=0 n

16



Using the formulae given by (38), (52), and (53), all of the series
multiplications required in expanding equations (39) and (40) were carried
out. Again, several new variables have been introduced to avoid writing
long strings of summations. Appendix D has been included to indicate the
origin of these variables. In solving the Pth order differential equations, it
can be seen from equation (51) that there are a total of (P + 1) (P + 2) unknown
and b

P,m,n's P,m,n's
collecting terms having like powers of € and 7, it is found that the Irrotational

coefficients in the velocity expansions (a ). Upon
Equatibn (39) generates (P/2) (P + 1) equations, the Momentum Equation (40)
yields .5(P+1)(P+2) équations and the remaining (P+ 1) equations come from
the boundary condition (24) . '

The (P + 1) (P + 2) equations that result from expanding the Pth order
differential equations are presented below in a format in which all of the unknowns
appear on the left hand sides of the equations.

Irrotational Equations

PZ-)I Pil—K [Z_(KLL) b' . . Al | ]=
K=0 1=0 35 P,K+1,L a, P,K, L+l
P-1 P-l=K P-2-L P-2
z 2 -vEK=-1)v({P=-3) 2 vE-1-M) 2 vR-1)v((P=-1-R+M=-K)
K=0 L1L=0 M=0 R=M+L '
_ pol-L (54)
Bp-1-R), P-1-R*M-K), PR, M,1. ~ 2 =~ VE-M) v (P-2-M-L)
3 M=0
%51 _ R
PR+ M-

R=M+1+1 v( M K) B(P-R): (P—R+M-K)4 j.:IV%'L"'l A"']-I(R"'i) (M+1) bi, M+1,L

P-1 L
-2 v(P-2-K-1) 2i By o) ® Db gy g - D vE-2-K) .

=K+L+1 M=0
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P-1 R

Z v({R-1-K-M) v (P-R-L+M) B 2 A (k+1) b
R=KA1 P-R), (L=M)y s pippey 1 R-D) K+, M
Pi].“”L ( PZ";]. _
+ v (K-M) v (P-2-M-L) v (P-R+M~K)B o
m=0 R=M+L+1 (P-R), (P-R¥M-K),
>
Ay ey 2@+Da + 2 v (P-2-K-1) .
i=M+L+ 1 1 [; (R ) M I+l
5 a gyt i
A _1y 2(L+1) & v (P-2-K)
j=grpr1 Lo E-1) KL M=1 (54) Cont.
Pi)l _
v (R-K-M) v (P-R-L-1+M) B
R=gr1 ' Be-p), @r1-m),
g (2Mm) (~K)
A o (2M) a, - v(-K) B,
=iy~ ®-D) i,K,M P, (L+1);
25 vR-D v RE-M) v )B }
- v(R-1) v R=K~M) v (P=R-L=1+M) By o fr.q_1p @
Moo Rk (P-R), (L+1-M);°R,K, M

Momentum Eguations

P 41“2 (H+1)

-G 2a
1.1.0
{ bp o g ~ 2(1+8) [ a_ °P,G.H T

5 V@-1K) B v@-1-K-D) v (+KIL-G-1) 3 Gk, H_LC—ﬂSﬂ)) 3p 41, =
K=0 L=0

(55)
P P-G . P-1 G H
z X {- v(P=3) 2 2 v(P-T=K) 2 v(@P-T-L) v (I-G+K~H+L) .
G=0 H=0 T=2 K=0 1=0
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2a A
— = . 1,1,0
Be-n) k1, Pr,G®), @m0, e be-a0en (. 2 Fe-n.g.e O+

1<

P-2 G
VB vED Y E1-GT D Py gom) ]+ 20+8) 2 ve-1K)

H g
5 v E-1-0) v (LG a6 ey Fe-1),x,1,

L=0
( ) 1:51 (i-1) ( )
T, E' - 2T, v(P~-1-G~-H vii=1) b, . (Q2H+1)Db
SRR > ( )
v (P=T-K) v (P=T=L) v (T=-G+K=~H+L) | E _ .
T=1 K=0 I=0 L (P-1),K,L, |

(55) Cont.

+ v(P=1-G)v (H--l)l‘2

Dr, @), (E-1), * Ep-m) K, L Dr, GK). (H-’L)s:'

5

P-1 G H-1 .

Z Z v-T-1-K) Z v(p-T-1-L) V-GHR-BE+IAL) E, 0y o o
T=1 K=0 1=0 1Ry
Pr,(G-K), (H-1-1), - vG-1) v (-H) 2T, B, p- -G)y v(G-1)2
p-1-H P-1 _

2 v(G=K) v(P-1-H=K) 2  v(T=1) v(K+P-T-G) Dr ¢ g
K=0 T=H+K 1Bty

E(P-T) , K+P=-T~-G) 3}
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Boundary Condition

The boundary condition VN('E, 1) = 0 becomes

2 2 b =0 (56)
m=0 [ n=0 P,m,n:l
where
g -3 o 5 5
QKL T V&M & VQRM VOERK) O gy w1, Br, (RK),
( ) (%:K % ( ) v ( ) C B
+ v(Q=K-L) ¥ v (Q=R=K-M) v (R-L+M) C B
R=0 M=0 (Q-R) IKIM3 RI(L_M)Z
E Q>:L (K~-M) %M_L. (@Q=1-R)y ( W (M+R=K) C
Q.K,L = 2, viK-I v (Q-1-R)y (Q-R-M~-L)v (M+R~- _ :
2 M:O R—_—.-O (Q R)anLz
BRI(M+R"'K)4
(57)
( ) %K ( ) 3‘3 ( Yv ( ) C B
+ v(Q-K~L v(Q-1~R v(Q-R-K~M)v R-L+M) C~_ B _
R0 M= (Q-R),K, M, "R, (L-M),
_ Q=1~L, Q-1-M-L
EQ 2L = > vk-M) D v (Q-R~-1-M) v (M+R~K)
1Btz M=0 R=0

—

BR,(M+R-K)4 [E(Q-R),M,L+1 + E(Q—R),M,Ll}

4
Q-1=-K L

+v(Q~-1=-K~1) 2 27 v{Q-1-R-K-M) v R-L+M)
R=0 M=0

Br, (L-—M)Z[C(Q-—R) KM+, T CQ-R K, M1]
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Q-L-1 Q-M=L~-1
oy, = 2 VEM 2 v{Q-2-R) v(Q-R-M-1) v (M+R-K)
1y 4 M=O R‘-‘—'O

2(Q-R-1),M,L B®+1), (M+R-K),

—_ Q-1
E = v (Q-K-L) [ 2

M~

L
2 v(Q-R-C=d)vR-K+C-L1+d) Sy ) (-q)

Q.KiLg R=0 C=0 d=0

b(Q-R)ICId

Q=K L _
+ 2 v(Q-1-R) Z v(Q-R-K-d) v(R-L+d) Sy ¢ _4) P(o-
R=0 d=0 R, {L-d) “(Q-R).K,d

Q-1-K L-1
-2v({L-1) 2 v{@-2-R) 2 v(Q-1-R~K=-d) v (R+1-L+d)
R=0 d=0

Bwe1), @-d), b(Q-l—R).K,d] (57) Cont.

E S ke B S (Q-R-M-1) v (MERK) T
E! = v (K=-M v (Q=R-M~-L) v (M+R=- -
QIKILl M.__..o R=]. Q R'MILS

_ . K L
BR , (M+R"K)4 + v(Q-K-L) %:.]_ ]_\/]'E:O v (Q-R=K~-M) v R-L+M)

+ v (Q-K-L)2 % b(Q+1—i)(K+1) 3 k41,1

C B

E! =E with sums on R beginning at 1 instead of 0.
2 /

21



with sums on R beginning at 1 instead of 0, in the

f.x.L; T Fok,L (57) Cont.
first two sums only.
_ R=g=-m __ —
S = 2
Res,m B(R-n-—s),ms B(n+s),n4
(58)
S, g‘ Z) v(j=-n)v R=j~q+n) B B
qu n=0 j=0 (R"J) (Q"n) nz
DT'ulvl B -(1+.&)[23T, ;¥ V(T 2) Z) F(T"']),J,u Vl—j
- v (T=3) v{¥=-1) v(T—l-u)I‘ 2 F(T c1=) 5.0, v
. 1J ¢ 2
DI',u,vz = = y(I~3) v {v-1) v (T~1-u) (1+5) 2 P(T 1-9),3,u,v, 2Ty ap 4y
'Ii—l
- v (1-2) Frm o s
=1 (T~i)+jsu,vy
9
_ 151 (59)
= b, + -2 F .
Op u,vs, T,u,v v{T-2) =1 (T-'j}sJ,u,VS
_ T-1
T,u,v, =-13 oT,u,v " v{E-2) 3Ty 2 F(T =3) 13w, vy
TEZ
- v{T-3 =1 T=1~ I" F N s
V( ) V(V ) \)( u) j= =1 (T"]-“’])ljlulvz
T,u,veg vE-2) 1y JE Fa-9).5u, 'V

- v (T=3) v (v=1) v (T-1~u) I‘1 2 P(T -1=-j),j.u, Vo
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T-1

Dr’u,vs E 2?1 aT'u'V - V(T“'z)l_i ;El (T'-]'),j,u,Vl (59) Cont.
T=-2
- T= -1 =l=y) I, N
\)( 3) V(V ) \)(T 1 u) 1 JZ=>1 P(T-j-l-]‘),],u,vz
—_ % '
= .\ b, +
% miny " ey "0 Pt o 077
_ p
= ._1y by @n+l) b,
cP,m,n2 i=§+n V(i-1) Pp-1) (2n+1) b1,m‘,n
P+1 (60)
C = 3 b 4 (m+1) a,
cP,m,n3 i=mintl (P+1-i) i,m+l,n
C % (2n)
= b .y (2n) a,
CP,m,n4 " i=mtn (P-i) i,m,n
% P
FN,M,Q,Pl = = n§0 v (N-m-n) v (M=Q+m~P+n) aN,m,n aM, (Q-m) , (P-n)
Q P;\l
PN,M,Q,PZ = m§O 2z v (N~m-n) v(M-Q+m-P+1+n) by m,n PM, (Q-m) , (P-1-n)
(61)
2 3 '
PN’M'Q'PB ) m=0 n=0 v W-m-n) v (M“Q+m—P+n) N, m,n bM, (Q-m), (P-n)
= _ Mavom,p-m)
P,m1 (-1+2m)!
R (62)
B _ —2mnm,(P-m)
lez (Zm)!

23



BP,m3 (P-m)!

(P~m)/2
7 _ §@-m)(-1)" Apom) . m (62) Cont.
P,m4 (P~m)!

—

BP,mS ~ ®m A(Zm-l) , (P-m)

and the A's, a's, b's, e's, I"s, & and v have all been defined earlier.
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IIT. TRANSONIC SOLUTIONS

First Order Solutions

The first order solution must be known before the higher order solutions

can be recursively solved; since, in general, the Nth order solution depends
on the velocity coefficients up to the (N-1)st order.

The first order differential equations can either be obtained directly
from the original differential equations (19 and 20) . through the use of the
general Nth order differential equations (39 and 40) ‘with P=1, or from equations

(54) and (55). The equation's depend upon the choice of the expansion parameter,
¢, For ¢, given by equation (32a) they are

- o
Vi "yt 5 = 0

(63)
3
~2qu, u,_ + v, +& 4+ —= 0 (64)
171 1— -
3 yl n
where a = (1+;19)/1“2 . While for ¢ given by equation (32b) the first order
equations are
Vi—-u;_ +1 =0 (65)
'3
-2aulu1_v_+v1_+2§ +_ﬁ_=0 (66)
3 n
The boundary condition is:
vl(g,l) =0 (67)

The first order equations are solved using the same method that will be
used to solve the higher order equations, i.e., expanding the velocities in
double power series in -55: and Tq' and equating the resultant terms in the

differential equations and boundary condition which contain like powers of

25



”é and ? . For illustrative purposes, the solution of equations (63 and 64) is

worked out below.

The solution proceeds as follows:

Let
= —2 =z
Uy Tagpt g Nt é
(68)
= - -3 F
Vi =bggn t by N+ by én
Then inserting (69 into (63) and (64) and equating like powers of £ and n
yields
b10 = 2a01 - 1/2
and
madgpagt by, =0
- (a01 alO) +2bgy; =0 (69)
o 2 -
aa;®+ b10+ 1/2=0
The boundary condition (67) supplies the remaining two equations
boo* bpy =0
. (70)
b]_0 =0
Equations (69) and (70) are easily solved and give
1 8 4 24
C j (71)
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Equations (65 and 66) can be solved in a similar manner to give

_ 1 1 — 1 -
S T W S e e A 3
(Q)g (72)
1 1
_ 2 G.E—
M LIS SR SLAES

For comparative purposes, the transonic solution has also been worked out
assuming the coordinates are normalized as

E= % and T =1 (73)

instead of as in equation (36). When the coordinates are normalized in this
manner, the nw expansion enters the solution only through the boundary
condition

v'=0 at n =Ny (74)

hence, it does not directly enter into the differential equations and the
differential equations remain the same for all €. To first order, the resulting
differential equations are the same as (63) and (64), however, the boundary

condition is changed to
n

3 = = = -
vi(g,1)=0 at n=mn, = - (75)
and the solution bécomes
__ 1= 1 = 1 =
W TTE M Ty NV T S
‘ (7 6)
3 3
= - 17a — 3 l/7a —a
v 8<2> 1"WT‘“L8<2>“

The effect of using different e's is reflected in the value of _ﬁw°
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Higher Order Transonic Solutions

With the first order solutions given previously, higher order solutions can
be found recursively, using equations (54) - (56). In general, the Pth order
solution depends only upon the previous solutions up to (P-1)st order and
contains (P + 1) (P + 2) unknown velocity coefficients. For second, and higher
orders, the equations are all linear and may be conveniently writtenvin matrix
form as

where G is a P+1)(P+2) x (P +1)(P+ 2) matrix consiéting of the coefficients

of the unkno'wn‘ aP,i,j and bP,i,j . Hj is the column vector of unknowns and

Li contains the homogeneous terms which depend upon the lower order solutions.
These equations are easily solved, and in principle, there is no limit on the
maximum order of solution which can be obtained. In practice, however, one

is limited by the core size and machine time required to inverta (P+1) (P+2) x
(P+1) (P+2) matrix, for large P. Also, the parameter expansion is asymptotic,
hence, one would not expect the velocity series (equation 26) to be infinitely
convergent. It can be expected that after an initial convergence trend, higher
order solutions will begin to diverge. The number of terms that can be calculated

before divergence occurs should be a function of the expansion parameter, €.

It is not computationally feasible to obtain high order solutions of
equations (54)-(56) by hand, so a computer program, described in Appendix E,
was written to solve the equations. Since the equations are so lengthy, and
so difficult to both derive and program without error, every effort was made to
continually check intermediate results. As part of this effort,.the second
order equations were derived and solved, by hand, two different ways (from
the original differential equations and using equations (54)~(56))to serve as

a standard for checking out the computer program.
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1
For ¢ = 1/(1+R) %, the second order solution was found to be

10y +57, axan 1 = r2y+5 |1 —
u, Lt T (Y”)'B] [ % Y”)ﬂ] [ 'i"z(””ﬁ]“

——
o1 s C1T2y-3 ., (y+l)s =2
_%§+2a~%'a[6+ 3 ]’3

4 x
(78)
_ .5[28Y+81 _z_ = _ 5[ 20y+47 . 5, —3
vy “[ 288 T 72 (Y”)"’J” a® | 2 + 5 (s |
"8Y+15 L+1),8 =5 _ [2Y+3 (Y +1)5 17—, [2Y*3 Y+1).z9 B
+ 72 J [ 5 " 3 ]§”+[ 6 ]

These second order results are also of interest because the numerical

results require Y to be specified and do not show its effect explicitly.

The results obtained using the computer program are presented in
Table 1. These results were computed with ¥ = 1,4 and have been rounded
off to five significant figures. The velocity coefficients for four separate
solutions are gilven to fifth order in the table. The first solution was ob::cained
with € = (1+2R)% /(1+R) and & = 0, the second and third with €= 1/(1+R)Z and
b =0and B = 0.05, respectively. The last set of results is the solution of
the transonic equations in cylindrical coordinates and represents an extension

of Hall's (Ref. 1) results to higher order+; The second order solution,

+In order to extend Hall's results, the analysis and computer program were
modified as follows. The different equations of motion in cylindrical
coordinates can be recovered from equations (15) and (16) by letting &€ = z,
n=rsin § =cos £ =sinh n =0, cosh n=1 and coth n =1/7n. These
modlflcatlons were incorporated into the computer program by settmg all
of the B's = 0 except for"B o. = 1, and e, = 1 and the other e, 's=0. In
©.09
addition, all of the terms in the coefficient matrix G, ., (equation (77)) were
halved, and a_was set equal to one and the other a "é to zero in order to
eliminate the O'r] normalization of the coordinates. “"The boundary condition
also had to be mBdified to reflect the change to cylindrical coordinates. In
cylindrical coordinates, the boundary condition contains nonhomogeneous
terms. Results were calculated to fifth order, and the calculations to third
order checked identically with Hall's results (as corrected in Ref. 10 ).
In comparing the two solutions, the slight differences in the definition of
the axial coordinate and transverse velocity were accounted for,
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81,0,0
21,0,1
41,1,0

92,0,0
%2,0,1
42,0,2
8,1,0
82,1,1
92,2,0

43,0,0
83,0,1
93,0,2
23,0,3
23,1,0
43,1,1
43,1,2
43,2,0
33,2,1
43,3,0

34,0,0
9,0,1
%,0,2
%4,0,3

TABLE 1

VELOCITY EXPANSION COEFFICIENTS -~ v =1.4

= /g E=%en,, G ordimanes
€=(1+2R)%/(1+R) € = 1/(1+R)% e=1/R
5=0 H=0 b5=10.05 “5=0
-.125 -.250 -.250 -.250
.250 .500 .500 .500
.64550 91287 .89087 .91287
-.092882 .24653 .25069 .24653
-.23542 -.69167 ~-.71167 -.85833
.08125 .32500 .33500 .49167
-,22861 -.41840 -.40832 -.57054
16137 .45644 44544 .91287
.013889 .027778 -,005291 .027778
-,071174 -.,42861 -,45340 -.36764
25622 1.6227 1.7442 1.7368
-.20716 -~1.3807 -1,4934 »l.8519
.048034 . 38427 .41796 .63566
.15904 .88048 .90869 .84894
-,51039 -2.4685 ~2.5721 -2.3103
.19345 1.0943 1,1495 1.1894
-,039352 =-,14352 -,12147 -,15278
-.065972 .26389 24735 -,70833
.15809 44714 .42070 -,23752
.,11883 1.3003 1.4521 .85344
-,53961 -6.2954 -7 .0860 -4,7325
.58098 7.3272 8.2722 6.7616
-,26795 -~3,7012 -4 ,2025 -4 ,3085

30




84,0,4
%4,1,0
%,1,1
%4,1,2
%4,1,3
94,2,0
84,2,1
%4,2,2
%,3,0
%,3,1
94,4,0

25,0,0
a5,0,1
a5,0,2
%5,0,3
%5,0,4
85,0,5
95,1,0
a5,1,1
35,1,2
85,1,3
35,1,4
35,2,0
%5,2,1
a5,2,2

TABLE 1 (Continued)

A=/, E= e, Splindnical
e=(1+2R) % /(1+R) ¢= 1/(1+R) % e=1/R
5=0 5=0 5=0.05 “5=0
.045212 .72379 .82768 1.0528
-.42932 -3.5030 -3.8162 -2.2306
1.3353 12.450 13.700 8.5123
-1.0032 -10.178 -11.256 -8.,0230
.23597 2.6697 2.9656 2.4097
.30257 2.2688 2.3883 1.1321
-.86077 -6.5688 -6.9569 -.68020
39619 3.1695 3.3707 -1.1245
.032929 .065190 .077326 .15542
.079865 .45179 .43307 -1.3879
.018836 .075345 .042857 .0059002
-.26076 -6.2108 ~7.3586 -2.9262
1.3451 32.267 38.367 17.218
~1.7472 -42,729 ~50.775 -28.052
1.1086 28,617 34.068 23.990
-.36103 -10.178 ~12.172 ~-10.903
.047950 1.5344 1.8463 2.0676
1.0135 18.301 21.197 8.4791
-4,1995 ~76.419 -88.797 ~38.727
4,3112 82.177 95,594 49,529
~1.8928 -38.604 -45,030 -28.108
.31500 7.1279 8.3556 6.1628
-1.1129 ~15.103 ~16.970 -6,2714
3.8406 53.753 60.698 18.055
~2.9542 ~43,584 ~49,334 -10.544
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85,2,3
5,3,0
35,3,1
35,3,2

" 85,4,0
%5,4,1
25,5,0

1,0,0
1,0,1
1,1,0

oo

2,0,0
2,0,1
2,0,2
2,1,0
2,1,1
2,2,0

o o

o T

3,0,0
3,0,1
3,0,2
3,0,3
3,1,0
3,1,1
b3,1,2

vt o bt ot ot UT

TABLE 1 (Continued)

= n/n, £=T/om, S avainaras
€=Gﬁ2m%/ﬂ+m e=l/ﬂ+m% e=1/R
=0 b£=0 b=10.05 ~b=0
.68911 11,026 12.527 .71944
.46961 4,7614 5.0979 1.1050
-1.2087 =13.201 -14,270 1.3930
.57090 6.4590 7.0012 -3.1781
-.014991 ~-.086253 -.087224 -.017270
.015994 .12795 .10344 .60503
.066452 .37591 .33671 .085568
-.96825 -.27386 -.28062 -.27386
.96825 .27386 .28062 .27386
0.0 0.0 0.0 1.0
11713 .45720 .48158 .50284
-.18760 ~.85582 -.90501 -1.0384
.070467 .39862 .42343 .53555
-.24167 -.96667 -1.0067 -1.7167
.24167 .96667 1.0067 '1.9667
0. 0. 0. .91287
-.12536 -1.0168 -1.1143 -.99582
.31826 2.6729 2.9409 2.9889
~.25080 -2.3112 ~2.5575 -3.0004
.057906 .65513 .73091 1.0073
.51138 3.0407 3.2794 3.4737
-.76521 ~5,0713 -5.5021 -7.4078
.25383 2.0306 2.2228 3.8140
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TABLE 1 (Continued)

R | T, | g
e= (1+2R) ¥ /(1+R) e=1/(1+R)% ¢=1/R
5=0 S=0 F=0.05 - B=0
-.33579 -1.8995 -2.0101 -2.3103
.33579 1.8995 2.0101 2.3788
0. 0. 0. -,47222
.22280 3.3718 3.8736 2.5174
~,64770 -10.375 -11,953 -9.1796
.69790 12,058 13,955 12.907
~-.33012 -6,3474 -7.3910 —8.2785
.057121 1.2926 1.5156" 2.0340
-,99216 -11,999 -13.555 -3,4649
2.1474 27 .377 31.028 27 .046
-1,4958 -20.825 ' =-23.718 =25.851
.34051 5.4470 6.2460 8.4222
1.2101 11.570 12.799 8.5123
-1,8601 -18.924 -21.001 -16,046
.64999 7.3538 8.2027 7.2291
-.48064 -3.8451 ~-4.,1038 “=-,45347
.48064 3.8451 4,1038 ~1.,4993
0. 0. 0. -,69395
-,49971 -15.871 ~19,269 -8.,4867
1.6273 52.142 63.264 33.285
=='2.,1107 =69,990 -84,992 -55.514
1¢3841 49,046 59,742 49,215
-,46366 -18.163 -22.,239 =22.,913
.062654 2.8358 3.4954 4,4144
2.6444 63.083 75,123 34,436
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o’

5,1,1

5,1,2
5,1,3
5,1,4
5,2,0
5,2,1
5,2,2
5,2,3
5,3,0
5,3,1
5,3,2
5,4,0
5.,4,1
5,5,0

o o oo oottt vt ot ot ot o o T

TABLE 1 (Continued)

- o/ E-%en, Gt
e= (1+2R)2/(1+R) ¢=1/(1+R) % e= 1/R
b5=0 b=0 b=0,05 T B=0
-6.6742 -164.06 -195.40 -112.21
6.3278 164.17 195.90 143.94
-2.7566 =77 .875 -93.327 -87.221
.45862 14.676 17.697 20.676
-4,0157 -73.881 -86.063 -38.727
8.1822 156.58 182.65 99.057
-5.3603 -109.71 -128.34 ~84.323
1.1938 27.011 31.746 24,651
2.3864 33.824 38.338 12.036
-3.6644 ~54.272 -61.661 ~14.058
1.2780 20.448 23.323 1.4389
-.50714 -5.7376 -6.2511 .69652
.50714 5.7376 6.2511 -3,1781
0. 0. 0. .24201
N N=-m -
ug= L L oay BT n2n
m=0 n=0
N N-m _
vy = Zz S by nn EM™ 1 @2n+1)
m=0 n=0
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equation (78) proved to be a valuable aid in checking out the computer program
and is exactly reproduced by the corresponding results in Table 1. The
numerical results have also satisfied every other cross check that has been
carried out, including the correct reproduction of the previously known first
three orders of Hall's solution, and are believed to be accurate. The reason
for limiting the results presented in Table 1 to fifth order is discussed below.

Since it is difficult, if not impossible, to assess the relative merits
of these solutions from the tabular results, the velocities at two selected
points, the throat axis (uo) and wall (uw) points, have been computed from
the tables and are presented in Figures 1-3.

It can be seen from these figures that, as indicated previously, the
velocity series give results characteristic of asymptotic expansions. If
a series which alternates in sign (like the current velocity series) is convergent,
the results for each succeeding order should lie between the values obtained
for the two previous orders. The present results show convergence initially
for small values of the expansion parameter, however, after a certain value
of € is reached, which depends upon the order of the solution and the form
of ¢, the series begin to diverge. |

For € = 1/(1+R)% , the third order solution begins to diverge for R small
than about 0.66. For ¢ = (1+2R)%/(1+R) , the third order solution does not
diverge, while the cylindrical coordinate (Hall's) third order solution
diverges for R less than about 1.5. TFor all of the higher order solutions,
divergence occurs for R less than about 2. For higher than fifth order the
velocity coefficients get very large and the divergence rates become extreme.
While the degree to which the various solutions diverge varies, none of

them appear to be capable of yielding valid, accurate solutions for small R.

The toroidal coordinate solutions presented in Table 1 were obtained
using coordinates normalized with N As shown in the section on first
order solutions, solutions can also be obtained with the toroidal coordinates
scaled by ¢ instead of nw. Higher order solutions were found using the
alternate scaling by setting all of the a, in equation (37), except a, equal
to zero; a, was set equal to one and the boundary condition was changed
to agree with equation (74). These solutions turned out to be much worse
than the original ones, and hence, were not presented. The reason these
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latter solutions were so poor, can be attributed to the fact that they implicitly

contain ﬁw = nw/é: as a parameter and —ﬁw + gs R~ 0,

Figure 4 shows the third order results for U, from Figures 1-3
compared to experimentally measured values. Also shown in Figure 4 are
the results of Reference 10. It can be seen that as R becomes smaller
all of the theoretical results begin to diverge from the experimental data.
The results obtained using the method of Reference 10 show excellent agreement
with the data for R down to approximately .4, however, this must be considered
fortuitous in view of the following. It is claimed in Reference 10 that the
solution presented therein represented the solution in toroidal coordinates
(with ¢ = ,1/(1+R)1/2) transformed back into cylindrical coordinates. The
current results show that contention to be false. A reexamination of the
results of Reference 10 also show that the proposed series do not satisfy
the differential equations of motion in cylindrical coordinates. It appears
then that the method of Reference 10 is actually an empiricism which agrees
quite well with the data. While this method must now be viewed in a
different 1ight, it shouldn't inhibit its use, since it still represents a useful
and unique engineering tool for cheaply and accurately (within its limits)

calculating transonic flows.

Having extended Hall's method of solution to fifth order, it was possible
to extend the method presented in Reference 10 to higher orders, just to see
what would happen. It turns out that the fourth order results that are obtained
are significantly worse than third order and the fifth order results_ are seriously

divergent.

The results obtained in this study, as outlined above, refute the
contention of Reference 10 that the inability of previous expansion solutions
to vield good solutions for small R was a limitation imposed by the coordinate
system, rather than a fundamental limitation of the method itself. Further
reflection upon this matter has given rise to the following explanation for the
inapplicability of éxpansion methods for small R. All of the expansion
methods including the present solution, assume that the transonic solution
is completely determined by the local geometry of nozzle throat. Experimental

evidence, and theroretical results obtained by other means, show that the
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throat geometry does essentially determine the transonic flow, for large to
medium values of R. For small R, however, there is some evidence (Ref. 8)
that the upstream nozzle geometry begins to noticeably affect the transonic
flow, while for R ~ 0 the local throat geometry essentially disappears and
the transonic flow cannot possibly be treated as a local expansion problem
(see Reference 9). Thus, it appears that the expansion methods fail for
small R because a basic premise upon which they rely begins to degenerate

as R » 0, and at R = 0 the premise becomes untenable.

Table 1 also contains the results of a calculation that was carried
out to assess the effect of variable gamma on the transonic flow. This
effect is .incorporated in the parameter, ., and represents the change in
gamma due to real gas effects only, and does not account for specific heat
variations due to flow striations which can occur in real engines. b is
given by

b= oy,
y*(y*+1) dP '*

and sample calculations were carried out which indicated that b should be
less than 0.05 for the conditions of interest in rocket engines. The
calculation shown in Table 1 was performed with £ = 0.05 and as such
should represent an approximate upper bound on the effect of variable, Y.
Again, it is difficult to assess the differences between the solutions with
b =0and b= 0.05 from the velocity coeificients of Table 1, so Table 2
comparing u, and U, for the two solutions is presented. From Table 2
it can be seen that the effect of variable vy is quite small even at a value
of R and at orders for which the solution is diverging. In the range where
the solutions are most applicable, i.e., R = 1.5, the effect of variable gamma
appear to be completely negligible.
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TABLE - 2

Comparison of U0 and UW With and Without The Effect of Variable Gamma

U
0
D=0 D=0.05
Order of -
Solution R=2 R=,625 R=2 R=,625
1 .9167 . 8462 .9167 .8462
2 .9441 .9395 .9445 0 .9411
3 - .,9282 .8396 .9277 .8354
4 .9442 1.0261 .9457 1.0437
5 .9187 . 4780 .9154 .3943
U
—W
D=0 D =0.05
Order of
Solution R=2 R =.625 R=2 R=,625
1 1.0833 1.1538 1.0833 1.1538
2 1.0700 1,1083 1.0693 1.1061
3 1.0773 1.1544 1.0773 1.1563
4 1,0693 1.0619 1.0682 1.0507
5 1.0829 1.3531 1.0846 1.4015
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IV. SUBSONIC SOLUTION

The combination of the equations of motion being elliptic in subsonic
flow, of mixed type in transonic flow, and the throat choked flow singularity,
seriously complicates the task of obtaining numerical subsonic-transonic
solutions in rocket nozzles. Attempts to solve this problem have either
encountered insurmountable numerical difficulties, or frequently, cémplex
methods have been developed which can achieve solutions only at the cost
of large amounts of computer time. Recognition of the need for a relatively
simple and economical subsonic-transonic method has led us to develop the
following new approach to the problem.

It is fairly well known that the nature of the transonic flow in the region
of the throat, including the mass flux for choked flow, is governed almost
completely by the local geometry and is essentially free of upstream influence
from the convergent sec‘cion.+ In view of this fact, it is suggested that the
subsonic and transonic solutions be obtained separately, in the following manner.
First, a transonic solution is obtained either with the method presented herein,
or another method which depends only upon the local geometry. With a known
transonic solution, the problem of solving the elliptic subsonic equations is
simplified in two related ways. First, the transonic solution determines the
proper choked flow mass flux, thereby eliminating the need for lengthy
iterations of the subsonic numerical method in order to integrate through the
throat singularity. Second, the transonic solution can be used to generate a
subsonic "start line," so to speak, thereby providing boundary conditions for

the subsonic flow on a completely closed contour.

When approached in the above manner, the subsonic regime should be
amenable to solution in a fraction of the time currently required. A properly
conceived and executed relaxation technique appears to be ideally suited to

the task and one such approach is outlined below.

+Recent results of References 8 and 9, appear to indicate that for small
normalized throat radii of curvature, upstream influences become apparent.
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In cylindrical coordinates, the equations describing the flow in the
subsonic region of the nozzle are (from (13) and (14))

Qv _ 2du

dz or (79)
2_ 2y du _ du 2 _ 2y dv azv _

(@°-u v 2uv T + @ ~-v%) ar-}——r—— =0 (80)

where az is known explicitly in terms of velocity for an ideal gas, and implicitly,
through the equation of state and Bernoulli's Equation, for a real gas,u, v, and
a have been normalized by the critical sound speed, a*, and z and r by the

throat radius, r*. The boundary conditions are, in general

a. On a solid boundary

~»
v.n=20

b. On the center line

v=20 (81)
C. Atz=~o

vir) = 0
d. On the transonic "start line"

ulr,z) = U

where U is computed from the transonic expansion solution.

The reasons for specifying the upstream boundary condition (c in the above)
as shown are not immediately obvious. A given rocket nozzle is finite in length
and one might, at first, feel that the proper boundary condition should be uniform
parallel flow at the head end, or some other station in the combustion chamber,
with the velocity selected so as to match the known choked mass flux (from
the transonic solution). There are, however, several faults with such a boundary
condition, two of which are as follows: uniform parallel flow implies that
v, dav/3dr and du/3r all equal zero, however, equations (79) and (80), then
imply that du/3z and 3v/3z also equal zero, which in turn implies the
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erroneous conclusion that the velocity will remain uniform and parallel as long
as the nozzle cross-sectional area remains constant. Secondly, the
unifornt parallel flow boundary. cendition:censtraing the mass flux into

the solution domain to be equal to the mass flux eut, for all time. As a
result, the mass M inside the domain remains constant. The value of M
corresponding to the proper solution of the equations of motion is not known

a priori, and, in general, the initial guess from which the relaxation solution
proceeds will vield an inconsistent value for M.

The boundary condition, v=0, however, does not lead to either of these para-
doxical results. The Velocity profiles may vary even in a straight channel and the mass
flux in, at the upstream boundary is not constrained, so that during the relaxation
procedure mass can flow into or out of the domain until the proper value is
achieved. The reason for specifying the boundary condition at == rather than
at a finite distance is touched on by Moretti (Ref.13) and can be heuristically
stated as follows: the boundary conditions on the axis and on solid walls are fixed,
and the downstream boundary condition is set by the transonic flow so.lutibn
(or by the throat singularity if other techniques are used); fixing the remaining
boundary condition, v = 0, at a finite distance may not yield a solution compatible
with the equations of motions. Using the current technique, this would show up
as differences between the values of v along the transonic start line as found by

the transonic and subsonic solutions.

The equations of motion may be written in many different forms by
employing potential functions, stream functions, changes in independent
variables, etc. Bearing in mind that the solution is to be sought via the method
of relaxation, the édvantages and drawbacks of the alternative formulations
were considered. It was concluded that changes in the dependent variables
did not result in simplifications significant enough to warrant their use.
However, computationally, it is convenient to map as many of the physical
boundaries on to constant transformed coordinate lines as possible. This type
of mapping reduces the amount of special differencing required at the physical
boundaries. Without specifying particular forms of the transformations, it is
assumed that

45



c. =2 =9 3x , 3 3y
° dz 09X 3z 3y 9dz

S -9 9% , 3 9y
d. dr AX  dr + 3y dr

T\he above transformations can be made to allow the z coordinate to be
mapped into a finite region and the wall boundary onio a constant coordinate
line. This mapping leaves only the region near the throat to be handled in a

special manner.
Substitution of equation (82 into (79 and (80) vields

V. X _+ v = -+
x 7z yyz uyyr u‘xxr

(az-uz'){u Xx_+u y} ~=2uv<u y_+u x>
% Tz “y iz v ir “x“r

4 - 2
+ (32— 2 < + ) acv _
@< -v° { Vo Yy v.® )t 57 0
where the subscripts denote partial differentiation with respect to the

subscripted variable.

Prescribing appropriate transforms for r and z into x and y will allow
constant mesh spacing to be used in the transformed plane. Second order
central difference formulas can then be used to evaluate the derivatives in

equations (83) and (84). The applicable central difference formulas are

du . Su _ M1, 7 %1

X . 8x 2 Ax

au su _ Yigr1 "Myt
oY oy 2 Ay

v 8V _ Vitl,4 " Vi-1,j
ox © 8x 2 Ax

v . 8v _ Vii+1 V-1
3y b8y 2 Ay
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with the diagram below illustrating the mesh spacing.

4§

Substitution of the difference analogs into equations (g83) and (84) gives

N h __ N
%z 6’1+1,j " V-1, T Y2 X <Vi,j+1 Vi1

(86)
_ . _ h ¢ -
= X MUirl 5 ui—l,j>+er'<ui,j+l ui,j-l>
[(s2 . .,2 - ' -
L(ai,j ui,j>xz zui,jvi,jxr}<u1+1,j ui—l,j>
.2 _ 2 _ _11< - >
BICFTEEAVIALILY A ICHERL WS
(87)
2 _ g2 < _ hr?2 __»= - )
+<ai,j Vi,j) e Vit Vi—l,j>+K(ai,j vi,j> Yr("i,jﬂ Vi,j-1.
2
ai .Vi .
+2n 2l =0
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Since equation (86) does not involve values of uy j or v, j
1 1
relaxation solution of equations (86) and (87) is impossible. However, a

, @ point by point

solution can be found if v, j is evaluated by numerically integrating equation
86), i.e., '

X

oy

/]

- dx
P (uy v <Yy yz)

<
1]
ol

or if all the values of u and v are coupled, and solved for, along a coordinate
line. The latter method is known as line relaxation and has several advantages
over point by point techniques. They are:

1. All the values of u and v along a coordinate line are solved
for simultaneously and therefore the domain of influence of

each point is extended.

2. The differenced equations can be solved for values which
include the derivatives of the functions instead of just the
functionals at a given point. This type of differencing gives
the best assurance that the differenced equations are indeed
analogs of the differential equations.

When equations (86) and (87) are cast in the line difference form, a
banded matrix is generated involving values of u and v along the line
x = constant or y = constant. The line difference equations in the ¥

direction are:

h _ _ . h
K Y,-1"Y oYY, (89)

h = ( - N o+ ( - h
* Y2 X Vi,j+1 Xy Vi+1,j Vi-1 g Xy u1+1,j ui---l,j)
which may be conveniently written as

v - 90
By e ¥Ry Ve TR RV g A Y R g TRy (90)
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where

A1 =Y, h/K

A, =-y, h/K

By= A, =0 o)
Ay =-A

Ag =-4

Ry =x, <Vi+1,j . Vi—l_,j> t X <ui+1,j - ui-l,j>

Equation (87) is conveniently written as

By Yy, -1 Ba vy jen P By y P By st Boyy T Bg vy g T Ry (92)
where

B1=_%{< i, 1]>y ‘,Jyr}

B,=- % Y, (aiz,j "Vf,;)

By= - yy,5%, <ui+l,j - ui-—l,j> " Vi <u1+1,j - ui—l,j> (93)

B = Zhaf,j"i,j ¢ N ( N
4~ Tr TSI SN T5 S I TS U B/ 0% T SN 70 IS B B B B

B6=—- B2

_ .z - N
Rz‘ai,sz<u1+1,j ui—l,j>+ i,j r<1+1,1 Vi-1,;./

The line difference equations for the y = constant line are similar to
equations (90) and (92). In order to actually solve equations ©0) and (92),
two relations which either specify u and v at the boundaries, or relate their
values to those at adjacent points, are needed. Since the boundary conditions
can only fix one velocity component, or derivative on each boundary, the other
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relation must be found by using one of the differential equations in finite
difference form. Without going into the details of the numerics, the boundary

conditions for the difference equations are:

a. On a solid boundary

-+

e_-»'—' 3 -1
ven=90 - uwsm6+vwcos =0 6=tan

dr
—
dz

and v, Y, ~u

v Y, TV, X, which in finite difference form yields a

Yy

relation between uW,‘vW and adjacent points .

b. On the centerline

v=20
and the i i i ich implies 2% =
n e irrotational equation which implies Sy 0
c. atz=~- o
v=20
and the momentum equation which implies *:3-:1%_ = 0

d. On the "start line"

u-utr

and the irrotational equation which relates v on the boundary to the velocity

values at neighboring points.

Central difference quotients cannot, in general, be used to evaluate
derivatives on the boundaries. Therefore, in order to retain second order
accuracy at the boundaries, three point forward (or backward) difference

quotients and interpolation formulas should be used.

In order to begin the relaxation procedure, initial values must be
assigned at each mesh point. These can be calculated from one-~dimensional
theory up to a specified axial station and then interpolated to fair smoothly
into the start line, or, if necessary, more sophisticated starting procedures
can be devised. With known initial values at each point, equations (90) and (92)
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can be solved line by line, using the usual techniques for inverting banded
matricies, until a complete set of new values at each point has been ¢alculated.
The calculation is then repeated until the new and old values of the velocities
at each point differ by less than an assigned error criterion. Various modified
forms of the above procedure, such as over and under-relaxation and the method
of alternating displacement (see Ref. 14), have been developed which, in many
cases, significantly increase the solution convergence rate. If one proceeds.
properly, many of these variations can be easily tested to find the

one most suitable for the current problem.

The technique outlined above holds promise of being able to provide
combined subsonic~transonic solutions much more economically than other
currently available methods, and efforts to implement it appear to be warranted.
However, since the transonic solutions obtained herein are not accurate enough
for small radii of curvature nozzles, the above technique will be limited to
nozzles having normalized radii of curvature greater than about one,
unless accurate local transonic expansion solutions can be found for small R,
in the future.
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V. SUMMARY AND CONCLUSIONS

The transonic equations of motion for a converging-diverging nozzle,
including the effect of variable gamma, have been solved in toroidal
coordinates using a combination of an asymptotic small paraméter expansion
and a double coordinate expansion. The series expansions were carried out
in general for nth order terms so that high order solution could be found

recursively.

Various related solutions were obtained using different expansion
parameters and coordinate normalizations, however, all of these efforts
failed to vield a series solution which was convergent for small R. After
an initial region of convergence all of the series begin to diverge in a
manner typical of asympiotic expansions. The degree of divergence and the
value of R where it begins is a function of the expansion parameter utilized
and the order of the solution. These results refute the contentions of
Reference 10 in regards to the applicability of expansion techniques to nozzles
with small throat radii of curvature. It is currently felt that the failure of
expansion techniques for small R is due to the following reason. The expansion
solutions assume that the local throat geometry completely determines the
transonic flow field and that there is no significant influence from the upstream
flow. This assumption is certainly wrong at R = 0 where there is no throat
geometry to determine the flow, and recent evidence from several sources
suggests that upstream influence on the transonic region becomes more
significant as R gets smaller. Thus, the expansion methods probably fail
due to a breakdown in one of the premises upon which they are based.

An expansion solution which included the effect of variable gamma (for
a homogeneous unstriated flow) was also calculated, and it appears that the
effect of variable gamma in the transonic region is negligible. The analysis
and resultant computer program were also modified slightly to enable them
to extend the method of Hall to higher orders by solving the equations in
cylindrical coordinates . This enabled the technique proposed in Reference 10
to be extended, and the results were found to grow progressively worse for

higher orders.
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A novel, and potentially useful method (although it is probably limited
to R >1 in view of the previous conclusions) for calculating the subsonic
portion of the flow is also described. The method is based on the assumption
that a local transonic expansion solution can be used to generate a subsonic
"start line" and eliminate the need to iterate to satisfy the mass flow
singularity at the throat.
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APPENDIX A

This appendix contains a brief derivation of the coordinate and velocity
transformations, the metrics and their derivatives in toroidal cqordinates , and

the general orthogonal coordinate forms of the divergence, curl and gradient
operators.

Toroidal Coordinate Transformation

Let x, v, z be the usual cartesian coordinates, r, z, ¢, the usual

cylindrical coordinates and €, mn, § the toroidal coordinates. Then if the
complex variable, p , is defined as

p =1+ iz (a-1)
*+ ;
ro= 220 2=+ (0% - o) (a-2)

E=~1/2
¢ = 2
Z== o z=®
n=0 n=20
g=-m E=m
6y =T 8y =-m
Figure A~1

+In this Appendix, an asterisk denotes the complex conjugate.
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The coordinates of a point with respect to points 1 and 2 of Figure A~1 are:
~iB
pra=-r5 e
2

1

p*+a=r

The toroidal coordinates §, 1 are defined as

T
n = 4n 2
1
(A-4)
g = 91 - 92
Using (A-=3) and (A-4) it can be shown that
L _ en-e_n+21sin5 _ sinhn +isin§ (A-5)
a en+e_n+ZCos§ cosh n + cos
which, when combined with equation (A-2) yields
f _ a sinh n
cos € + cosh n
(A-6)
= a sin £
cos § + cosh n
Using the previous results, the equations of the coordinate lines
are found to be
€ = constant %+ (z + a cot §)2 = a2 cac? E a-7)
n = constant (r - a coth n)z + z2 = a2 c:sch2 ul (A -8)
The £ = constant lines are circles with centers at z = - a cot € and radii equal

to a csc €; while the n = constant lines are circles with centers at r = a coth 7
with radii of a csch 7.



If the throat wall is taken to be part of a circle of radius RW, and if the
throat radius is r*, it follows from (A-7) and (A-8) that

=
R= osh n. -1 (a-9)
w
b
=r* (1 +2R)"? (A-10)
-~ B -
1 R
Ny = o &0 } T | A-11)
- (L +2RZ
1+R |
where R = Rw/r* is the nondimensional throat wall radius of curvature.
Metrics
In addition to the coordinate transformation, the metrics, hy, h2' h3,
in toroidal coordinates, and their derivatives, are also required. The third
toroidal coordinate, ¥, is defined as
y/x = tan ¥
or
x=rcosy y=rsin (A-12)
The metrics are given by
. 1
h =<4§.§E+ ﬂ%.{. _E_z_ B
1 ) dE & ~
-2 2 2 &
= OX oV oz ‘)2 -1
By =\%n ' dn om ~ (A=13)
L
h = axz + ayz + azz NE
3 N3Y oy oY
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v

The required derivatives can be found using (A-6) and (A-12) and, after
much simplification, lead to

= = a A"'14
hl h2 cos £ + cosh n ( )
h = a sinh n (A~15)

3 cos & + cosh n

The following derivatives of the metrics are required in order to find
the curl, gradient and divergence in toroidal coordinates.

- sin €
h1g cos £ + cosh n hl

- - sinh n
h1 cos € + cosh n hl

- a2 sinh n
hyhy = 5 @-16)
(cos € + cosh n)

_ 2 sin &
(hlhB)i cos £ + cosh 7 hl h3

2 sinh 1
cos £ + cosh n = hl h3

(hth)n = . cothn -

-

1+ coshn cos £ = sinhz'n ‘. h
sinh n (cos €+ coshnn) - 13




Curl, Divergence and Gradient in General Curvilinear Coordinates

In order to write the equations of motion in toroidal coordinates, the

curl, divergence and gradient operators must be defined. In general othogonal
, ) . . - + -+ |
coordinates Xy, Xy, X with metrics h1 , h2 . h3 and unit vectors 0y onz ’ a3,

a general vector K is

- - > -
A=A o)t Ay a)tA;a,

1

.,}
. The divergence, gradient and curl of A are

>__1 -
VeA=geags gy hg A+ (hy hg Ag), + (hy By Ag) ] A-17)
17213 1 2 3
L1 3y , A, L A,
\Y —I’l— — B— ‘5'*— +- -1:1— -8—— (A—-18)
1 %% 9 °%9 3 °9%3
Y -5
N A - (o A). 42 (A :
h,hy 3 73k, 2 "2'x 4 h3h1L 17Uy = (hy Aglx, -
_y
3 T :
+ i(h, A,)_ - (h, A,)) (A-19)
hh, 172 “2'x, 1%,

To find these operators in toroidal coordinates, set %y = g, Xg = M. Xg ={ and
use the metrics and their derivatives given by (3-14)-(A-16). As a result of the

axial symmetry of the present problem a/ax3 =3/3y=0.



Transformation of the Velocities to Cvlindrical Coordinates

The direction cosines between toroidal and cartesian coordinates are
given by Table A-1 below.

TABLE A-1
X v z
¢ 1 ax 1 2y 1 2z
h, ¢ h, o3¢ h, &
n A ox Loy L 2z
h, 37 h, an h, 2n
; 1 2x 1 2y 1 3z
hy 9§ hy 3y hy 3%

Using the metrics and the tranformations x, v, z * &, n, {, it is
found that if ¢ is used to denote the direction cosine between the subscripted
axes, then

_~ - Sinhnsin § T ,
GE,X i (cos & +cosh n)_i cos ¥
_ _sinh n sin & .
Ug,y i{cos £ +cosh n) | St v
- (a-20)
— sin
GE:Z cos £ + (cos & +cosh 1)
_ T sinh® n
U - i b y
n,x Lcosh 7 (Cos £ + cosh ) ] cos ¥



_ _ sinh® 7 1 ..
“n,y [COSh "~ (Gos € +cosh my | SR Y
(A-20) Cont.
o _ _ .sin £sinh n
M. Z (cos &€ sinh n)

In cylindrical coordinates, r® = x® + y®, so the components in the r

direction are given by

(03, + o2 )

1
<0'2 + 0% >z
nlx ly

Then if Vf and v, are used to denote the velocities in the r and z directions,

ol

(A-21)

respectively, then

sinh® n
(cos &€+ cosh ) |

sinh 1 sin £
r (cos £+ cosh )

+ v’ cosh n -
(A~22)

v =u?‘cos£+
f—

-

sin® & l -y -Sin & sinh 1
(cos & + cosh m)_| (cos € + cosh 1)




APPENDIX B

Since the transonic equations are to be solved by an expansion
technique, it is desirable to have all of the variables of order unity. A

general derivation of the proper scale transformations and series forms is
outlined below. N

The following general scaling and series forms are assumed:

F = —-g—— n = I o=
: cd " eP (5-1)
cy _ c, _
w=e¢ u (g n) + e u (g, n) +...
(B-2)
dy _ dy . _
vi=e tvy (E,m) + e vy, (E, M) + ..
(Note: ‘E, m. U oo Up e. ey Vg sV, . . . are then all of order unity)
where ¢ is the expansion parameter. As discussed in the text,
Lim ¢ = —1_§r , and Ny = 0(¢): therefore, from equation (B-1),
R
b=1 (B-3)

To determine a, Cy+ Cou dl . d2’ equations (B-1)-(B-3) are substituted into
equations (22) and (23). The unknown coefficients are found by requiring first the
lowest order terms, and then the next lowest order terms to yield nontrivial

solutions. The following expansions will be needed:

2 2
cosh><:=l+-'}2{-'-f-,.,a cosx=1-2%-
x3 , x3
sinhx=x + Tt sinx=x- %= +. .. (B~4)
: 1 X x3
cothx=;{'+§-z-5-+g..



The lowest order terms from equation (22) are: (Note: In the following,

the constant arithmetic coefficients are ignored since they do not affect the

ordering of terms).

dl -a _ c, -1
€ vl___+e:n+s: u1_=0
g al
The lowest order terms from equation (23) are:
d,-1
c,—-a d, -1 _ 1
621 Us U +€1 v +€af+g':—v=0
1Y%= 1= |
g i

Since the boundary conditions are homogeneous

n=0 v' =0

Q/

u

=0
o

=l

n=mn, V=0

(B-5)

(B-6)

(B-7)

at least one nonhomogeneous term must remain in the lowest order equations;

otherwise the trivial solution, u' = constant and v' = 0 results. Thus, equating

powers of €, the conditions

and

must be satisfied. These conditions lead to

In order to check for the possible occurrence of fractional intermediate

(B-8)

(B-9)

powers of € in the velocity expansions, the second order terms in the expansion

of equations (22) and (23) have been examined.
Equation (22) gives:

d,=2 _ _ c,-1
€2 v2_+€3nu1+€3n3+ez

B-2

(B=10)



for which the condition

d, -2=c,-1=3 (B-11)
must be satisfied. Thus,
d, =5
2 (B-12)
c2 =4

The second order terms from equation (23) give exactly the same result.
Thus, from (B-3) and (B-9) it can be seen that the toroidal coordinates

scale as

E=23 and n=21- (8-13)

and (B-9) and (B~12) show that the velocity series should be written as

u'=ezu1(7§—._ﬁ)+efuz(g,_ﬁ)+- . .
(B-14)

<—
I

33v1(g, ) o+ ssvz(g, m ot ...



APPENDIX C

The DK 's appear in the momentum equation (23) and contain velocity
expansions ahd the products of velocity expansions, such as
o= 2 ¢2K ug v' > gkl Vg (C-1)
K=1 K=1
© K=1 = K-1
w?l= o 2K % v, = vE-2) 2 > ug_ U (C~-2)
K=2 n=1 K=0 n=1 non
© K-2 o K=2
vi= L 2Ky Velen Yy = VE-3) > <Ky Vg-lep ¥y (€-3)
K=3 n=1 n =0 n=1
The expansions of the trigonometric and hyperbolic functions require that
the series expansion of Nw be raised to integral powers.
- 2
Ny = © 2 anen'—'@R (C-4)
n=0
(C-5)

RN= Z eZnAN o

n=0

The Ay  are given in equation (45).
Using equation (C-5) the trigonometric and hyperbolic functions can be

expressed as

siohm = sinhn n = él g213—1BP1
—_ ® P
coshn = coshmn, mn = P§O e BP2 (C-6)
i = gi t = 5 2¥ B
sin € = sin enwz‘;' 021 P3



- P
cos € = cosemn &= 2 ¢ B
w pP=0 Py
(C-6) Cont.
cothm = cothny 7 = Zo)o 2Pl Bp
w P=0 5
where the B

P's are given by equation (41).

The velocity derivatives require the velocity series to be divided by
the Ny Series and can be conveniently written as

w, = » eF Cp VIE = X 2Pl Cp
3 P=0 3 P=1 1
(C-7)
o 1 ® P
u’ = 2 EBP_ CP V'In = Z\J €2 CP
n P=1 4 P=1 2

The CP's are given in equation (42).

The E variables result from the various products of velocity derivatives
and trigonometric or hyperbolic functions.



The §, 6, _]5, and E variables (equations 57, 59, 60, 62) are derived
from the B, C, D and E's (equations 41-44), respectively, by expanding the

APPENDIX D

latter in powers of E, ﬁ and collecting terms. The two sets of variables are

related as follows,

P

: (-1+2m)
. B = B n
Py m=1 TrM
P
= —=2m
B = 2, B i\
Py m=0 LMy
P-1
- = (P-m)
B = 2 B g (
P3 m=0 ©'™3
P — —— o
BP = Z BP m 5 (Fm)
4 m=0 14
P — — -—
Bp = 2 Bp m n(Zm 1
5 m=0 5
P-1 P-l-m _ —m— (20+1)
CP = 2 CP m,n 5
1 m=0 n=0 R !
P P-m _ . .
2 m=0 n=0 A/
P P-m _ — —
CP = X cP m,n gm nzn
3 m=0 n=0 K

(D-1)

(D-2)



P=1 P-m _ —— (D
c, = » » G, __ E" 5 n-1) (D-2) Cont.
4 m=0 n=1 Pt
The EP m n's, themselves, make use of the following relations

for the velocity derivatives.

N N-m —m-1 —2n
Uy = Z 2 ay m & 1
m=1l n=0 SR
N-1 N=-m
- -m —(2n-1)
UN— T ? ? N, m,n 20 l ‘
M m=0 n=1
(D-3)
N N-m
- zm-1 —(2n+1)
YNz T 2 _2 bI\T,m,n m S N
g m-1 n=0
N N-m
_ —m —2n
V= T 4_? ZD by moa2ntlE m
m=0 n=0
Q Q —n7 —
B, = 2 X ® 72t Eq k1
1 K=0 L=0 Tl
Q Q v —7 —
EQ = 2 23 §K ﬂZL EQ KL
2 K=0 L=0 T2
(D-4)
Q-1 Q-1 _. _ —
EQ = 2 2 §K n (21+1) EQ K L
3 =0 =0 T3
Q-1 Q-1 _ —07 —
B, = 2 2 EOLRPE
4 K=0 =0 T4



™Mo

E =

Qs K ”

0 L1=0

1 E (D-4) Cont.
Q IKILS

The D's are related to the D's through the equations for the products
of velocities (which are expressed in terms of the F's). All of the velocity
multiplications are of one of the three following types.

M+N N+M-Q _ —2p

Upr U = 2 2 g n F
N UM oo 20 N,M,Q,P,
M+N N+M+1-Q
—Q =—2P
Vv = 2 2 eQ 7Py (D-5)
ey = ENRRNQ FQ T (2PrD) g



APPENDIX E

Computer Program

The philosophy used in writing the transonic computer program was to

- make the program listing correspond as closely as possible to the equations S
of section II of this report. To this end, each of the functions in the equatio_ns
" were programmed as FGRTRAN functions using the following naming conventions:

a) fundtions beginning with lower case lette s are pretended with
the letter s for small. Capital letters were left unchanged

b) the number of arguments to the function is always the last
character of the function name

c) for numbered functions names the number immediately follows
the letter identifying the function and the letter A separates the
function number and the number of arguments

" hence:
IE.’Q, KL, becomes E1A3(Q,K, L)
bP,M,N becomes SB3(P, M, N)

Since zero indexing was required, a dynamic storage allocation technique
known as bucketing was used to compute indexes and also to conserve storage,
The use of the bucket also allowed most functions to be evaluated only once.

The following gives a brief description of the subroutines and functions
used in the program:

Program TRANS@N

Main program which controlled overall logic
Subroutine INPUTM

Reads the input data
"' Subroutine GETADD

Calculates the indexes for each array in the bucket
Subroutine INIT

Calculates constants and initializes some variables

E-1



Function FAC
Returns the factorial of its argument
Function SAl

Returns ai

Function SE1

Returns ei

Function A2

Returns A,
1,]

!

Function LOK
Computes the position in the bucket of 3 dimensional variables
Subroutine DEBUG

Supplies some Namelist debug print out

Function B1A2

Entry Point Returns
B1A2 B, .
i,
B2A2 B, .
11]2
B3A2 B, .
1.]3
B4A2 B, .
1:J4
B5A2 B, .
1115

Function SA3

Returns a, .,
i,j,k

Function SB3

Returns b, .
i,j,k

Function DELTA

Returns 5 (s)



Function SB1

Returns bi

Function C1A3
Entry point

C1A3
C2A3
C3A3

C4A3

Function S2

Returns §, .
1,]

4

Function S3

Returns S,

i,j,k

Function D1A3
Entry Point

DIA3
D2A3
D3A3
D4A3
DS5A3
D6A3
Function F1A4

Entry Point

F1A4
F2A4

F3A4

Returns

Qi

i3,k

Ql

1.3,k

Ql

iljlk3

Ql

i,j.k,

Returns

PN,M,Q,PI

FyoM,Q, P,

Fn,M,0, P,

E-3



Function E1A3

Entry Point Returns
E1A3 EQ’ K, Ll
E2A3 EQ' K, Lz
E3A3 EQ KL
3
‘E4A3 EQ, K, L4
ESA3 EQ, K, L5

Function EP1A3

Entry Point Returns

EPIA3 E*Q’K’Ll
EP2A3 E'Q’ KL,
EP5A3 E' Q.K, I

Subroutine COEFF
Generates the coefficients matrix for the transonic solution.
Subroutine RHSIDE

Controls the calculation of the right hand sides of the transonic equations
Subroutine 1\/I¢§MEN

Calculates the right hand sides of the momentum equations
Subroutine IRROT

Calculates the right hand sides of irrotational equations
Subroutine INVRT

Inverts the coefficient matrix
Subroutine SPLN

Calculates the coefficients in the solution to the transonic equations
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The computer program input is standard FORTRAN IV NAMELIST.
Familiarity with this standard input procedure is assumed.

The input‘ list of variables are as follows:

SDATA

GAMMA =,

D= ,

PMAX = ,

RCURV = ,

EFIAG = ,
$END

ratio of specific heats
1 dy |
& y(y+ 1) dp b

maximum order of solution desired

throat radius of curvature, only used for
EFLAG > 2, but a value must always be
input.

boundary condition flag

EFIAG = 1, ¢ = G+ 2R°
EFIAG=2, ¢=1/(1+R), n="n,
_ (1 +2 _
EFIAG = 3, E=TFTR M7 n/e_,
EFIAG =4, ¢=1/(1+), n="/:

for EFLAG =3, RCURV is used

One note on conversion, different FORTRAN IV compilers

treat multiple entry points to function subprograms differently. The CRC-6000
series, RUN compiler uses the following conventions:

a) a value is assigned to every entry point of a function subprogram

b) the argument list for each entry point is implied to be identical

with that of the main entry point. Hence, each entry point must

be called with the same number of argument as the main entry

point, but that argument list must only appear on the main entry

point
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Output from the program consists of the coefficients of the velocity
expansions up to order PMAX. The output is in the form A(I,],K)

B(I,J,K) which correspond to 3 i x and bi,j "
sample of the output (up to third order) for the following input conditions

in equation (51). A

is given below.

INPUT: GAMMA=1.4, D= 0.05, EFLAG = 2.0, PMAX = 5,

RCURV = 0.25
OUTPUT:
Al 29 09 O)= 025069 B 2 09 0)= 048108
A( 2y 0y 1)= 4-.71167 B{ 2¢ 0y 1)= ~e90501
A( 2y Qe 2)= 033500 B( 2y 09 2)= 042343
A( 29 19 M= =,40832 B( 2% 1y 0)= -L.doc?
Al 20 19 1)= 44046 B( 29 19 1)= 1,0007
AL 2e 24 W)= ~5.29101E-03 _B( 29 29 0)= Qe
Al 30 0y O)= =045140 Bl 30 0y 0= =le11%3
__ A( 3s 0e )= 1,74642 B( 3, 09 1)= C,94V9
At 3, 0o 2)= =1:4934 B( 3, 0, 2)= =245515
Al 3¢ Qo 3)= 241796 Bl 3» 09 )= *7309]
At 39 19 O)= «90869 Bl 39 19 V)= 342794
A( 35 19 )= =2,5721 B( 35 1e 1)= D 5021
A( 3, 1s 2)= 141495 B( 3, 1, &)= 2+22¢6
Al 39 25 ()= ~e121647 BL 39 29 0)® =201V}
Al 39 29 1)= 224735 Bl 3y 29 1)= 20101
A 3¢ 30 O)= 42070 B( 3y 35 0)s= Qe
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000004 |PROGRAM TRANSONCTAPEL, INPUT,OUTPUT, TAPESS INPUT, TAPE6SOUTPUT)

g0opa2 COMMON LAC100),B(20000)
000003 COMMON/ INDEXS/PMAX , NSTOR
000004 COMMON/POINTS/NPMAX

goopos INTEGER PRI1AX

000006 KSTART=0

adQpa7 C

noQoos 10 CalLL INPUTM(KSTART)

000009 C

006040 CALL GETADD

000011 c

oonpie CALL INIT

000043 CAaLL DEBRG

000014 c

000045 NPE(PMAX+1 )4 (RMAX+2)
000016 DO 100 1=2,PiAX

000047 [P1=LAa(32)+]

000018 1P22LA(33)+1

0000419 IP3=LA(34)+1

000020 CALL COEFF(RCIPLY,BCIPR),R{IP2),;1.NP)
p00021 C _

po0op22 ‘ CALL SOLN(BCIRPLY,BLIP3),BLIP2)Y,1,HP)
000023 100 CONTIMUE )
000024 KSTART=1

000025 G0 TO 10

000026 C

o0np27 caLl 0QUTS

000028 C

Qoop2e END

000031 ISUBRQUTINE INPUTMIKS)
000032 COMMON/WALLBC/ETAW, RCURYV, EPSIL
0o0ap33 COMMON/EPSFLG/ZEFLAG

000034 COMMON/GAMS/GAMG1:G2,63,D
000035 COMMON/Z INDEXS/PMAX, NSTOR
000036 INTEGER P™AX i
p0op37 NAMELIST/CATA/GAMMA, D, EFLAG,AL00,A101,A140,R100,B101,PMAYX
000038 1« RCURV

00nO3% IF(KS NE,D)GO TO 100
000040 RCURV=10,0

000043 100 READ(5,DATa)

00op42 PMAXSMAXD( PMAX,3)

000043 WRITE(6.DATA)

000044 GAM=GAMMA

N00045 RETURN

000046 END



000047 |SUBROUTINE GETADD

000048 COMMONZ INDEXS/PMAX  NSTOR

000049 COMMON LAC1G0)Y,B(1)

000050 INTEGER PMAX

000054 DIMENSION IB(1)

on0ps2 EQUIVALENCE (I1B(1):B(1))

000083 DaTA NCALC/BHNCALC/ '

000Ns4 o

00008% (o THIS ROUTINE CALCS THE STARTING INDEX IN THE B ARRAY FOR
000086 c THE STORAGE OF VALUES OF EACH OF THE FUNCTIONS
000057 C

0000%8 NSTOREPMAX+3

000059 C

000060 ¢ FUNCTION NUM OF ARGS "LACT) FORTRAN NAME
000064 c SMALL A 1 iz 1 SAl
00pgéez2 (o SMALL E 1 2 SE3
000063 c SMALL B 1 3 SRy
000064 ¢ CAP & 2 4 CA2
000065 c CAP B BAR 1 2 5 CRB1A2
000066 C CAP B HBAR 2 2 6 CBB2A2
000067 o CAP B BAR 3 2 7 CBB3AZ
000068 c CAP B BAR 4 2 8 CRB4A2
000069 o CAP B BAR 5 ) 9 CBB3A2
000070 C SBAR3 3 10 ¢sp3
000073 c SRAR2 2 11 csBe2
000072 c CAP C BAR 1 3 1 ccp1as
000073 c CAP C BAR 2 3 i CCB2A3
000074 c CAP C BAR 3 3 14 ccB3Al
00007% c CAP C BAR 4 3 15 CCB44A3
000076 o CAP D HER 1 3 16 CDB1A3
000077 o CAP D BAR 2 3 17 CDB2AZ
000078 - C CAP D BAR 3 3 1.0 CDB3A3
000079 o CAP [ BAR 4 3 19 CDB44A3
000080 ¢ CAP D BAR B 3 20 CoBRSBAD
000081 o CAP D BAR 6 3 2 CDB6AY
poopsz2 G CAP E BAR 1 3 72 CEB1aA3
000083 c CAP E BAR 2 3 23 CEB24A3
000084 c CAP E BAR 3 3 24 CEB3A3
000085 ¢ CAP E BAR 4 3 25 CEB4A3Z
000086 o CAP E BAR B 3 26 CEB5AX
000087 ¢ SMALL & 3 27 SA3
000psas C sMALL B ) 28 SB3
000089 c CaP E PRIME 1 3 79 EP1A3
0006090 c CAP E PRIME 2 3 a0 "EP2A3
000091 ¢ CAP E PRIME 5 3 3% EP5A3
000092 c CNEFF MATRIX NA 32 NA
000093 C SOLUTION VECTOR NA 33 NA
000094 C KsHe SIDE NA 34 MNA

000095 L1ePMAX+]

000096 L2=l1sL1

006097 L3=L2sL1

000098 C



000099 La(1)e0

006300 LAC2)aLA(1)+NSTOR

000301 LA(3)=LA(2)+NSTOR

000402 LAC4)sLA(3)+NETOR

0003063 LA(B)=LA(4)+ 2

000104 LACE)YsLA(S)I+L2

000103 LAC7)=lLA(O)+L2

0003106 LA(R)Y=LA(7)+L2

000407 LA(S Y=L A(R)+2

000108 LACLOYSLAC 9)+L2

000409 LAC11)sLA(s0)ml3

000410 Lat1z2islatil)+2

000114 DO 80 1s13,31

0o0D112 LA(D)= LA(I=1)+L3

000143 50 CONTINUE

000114 LAL32)= AC31)+3

000145 LAC33 =L A(32)4{Lqeli1+1))sa2
000116 LA(34)Y=LAC33 410l 1%1)
000417 LMAX=35

0004148 LA(3S)Y=LA(34)+ 16tl1+1)
000149 NMAX=sLA(LMAX)

000120 DO 500 Isl,NMAX

000121 [R(I)aNCALC

pool22 500 CONTINUE

0004123 RETURHN

000124 END

000125 |SUBROUTINE INIT

000126 COMMON/EPSFLG/EFLAG

popie7 COMMON/GAMB/GiMiG1+62,63,
000128 COMMON/ INDEXS/PMAXyNSTOR -
000129 INTEGER PMaX, ALPHA

000430 COMMON  LaC10D).8¢1)

000134 COMMON/POINTS/NPMAX

000132 COMMON/WALLBC/ETAW, RCURy, EPSIL
00064133 DIMENSION T{B0),RS{5M)
000434 NAMELIST/BUG/T,RS,PMAX, NPIHAX
N00135 NSTORaNSTOR=1

000136 GP1=GAM+1,0

000137 GM1=GAM=1,0

000138 Gi= GM1/GPL D

000139 G2z 2.0/GP1

000140 G3= 2,08( (GAM=2,0)/GP1 *D)
D001 43 CON1=SQRT(1:.0+2,0#RCURY)
000442 CON2=1,0+RCURY

000143 EPSIi=1.0

000144 IF(EFLAG,EG.3,) EPSIL=CONL/CON2
0004145 IF(EFLAG,EQ,4,)EPSIL=1,0/8QRT({CON2)
000146 ETAW=G,5'ALOG((CONZ*CONi)/(CONZECONi)7/EPSIL
000147 LE=LLAC2)

000148 B{LE+1)= 4.0

000149 Bti)=1,0



100480 SORT28SART(2,0)

100453 IF(EFLAG ,EQ, 2,0) B{1)35QRT2
300152 NeQ

100183 Kimi

1004154 K2el.E+l

200458 WRITE(6,900IN,BIK1)B(K2)
100156 o

30041587 DO 100 1=1,NSTOR

100458 Kisl41

300159 K2sLE+I+1

100460 Ne i

100461 c

000462 c CALC E S

000163 ¢

00164 SUM=0,0

DODL6E NMizhml

000166 DO 20 J=L.N

000167 MEJ=2

000168 SUM= SUM & B(LE+J)}/FAC( 2#(NeM)4l)
0004169 20  CONTINUE

000170 B(K2)= 1,0/FAC(2#N) =SUM
000174 o .
pooLv2 c BRANCH AND CALC SMALL A S
000173 o .

000174 ' IF(EFLAG ,GT.1,?! G0 T0 50
000178 BtKi)a 1,0/(1,0 +2,04FLOAT(N)Y )
006176 WRITE(6,9N0IN,B(KL),B(K2)
000177 G0 TO 100

000178 50 SuUM=20,0

000317¢ XN8N .
0004180 B(K1)= 2, 048N#SART2/(2,08XN +1.0)
000184 DO 70 Js1aWN

000182 ALPHAzJ~1

pD004183 XAz ALPHA

0004184 PRODz1,0

0004185 NMA= N=ALPHA

0001886 DO 60 K=1,NMA

000187 Xd=K=1 '

000188 PRONzPROD®( X4 =( XJ=D,:5) )
000189 60 CONTINUE

000190 SUMs SUM + SORTZ2#2,0s%AlPHAS(~,5)#s(N=ALPHA)/((2,0% ALPHA®L,0)%
000491 1 FACIN=ALPHA) Y#PRID
000192 70  CONTINUE

000193 B(K1)=B(ki) +SUM

po0L94 IF(EFLAG ,GT, 2:0) B(KL) = 0,2
00019% WRITE(6,900)IN,B(K1)B(K2)
000496 100 CONTINUE

000197 LBsLA(3)

0004198 B0=1,0/B(1)

000199 B(LB+1)2B0

000200 c

000204 DO 200 I=4,MSTOR

000202 N |

000203 SuM=0,0

000204 DO 180 Jsi.N

00p205 MaJ=1

000206 Kis NaM #1

000207 K288+ Me1

000208 SUMESUM + BIK1)#B(K2)

000209 180 CONTINUE



000210
000214
000212
000213
000214
000218
000216
000217
000218
000219
000220
000221
000222
000223
000224
000225
000226
000227
000228
000229
000230
000231
000232
N00233
000234
000235
000236
000237
000238
000239
000240
000241
000242
000243
000244
000245
000246
000247
000248
000249
000250
000251
000252
000253
000254
000255
000256

000257

0to258
000259
000260
000261
000262
000263
000264
000265
000266
000267
000268
000269
000270

o000

200

24C

920

250

350

360
400
930

420

1

B(K2+1)=

~B0#SUM

WRITE(6:910)H,B(K2+1)

CONTI

NUE

LCA=LAC4)

CALC a(0,N) THRU A(2,N)

NPMAX=PMAX+1
DO 250 J=i1,NPAaX

NCaJ=

KO= NCeNPVAX +LCA+]

B(XQ)

1

=1,.0

IF( EFLAG .GT, 2,00 B(K0O)=0,0

K18 NC#NPMAX+ [ CA+2

BEK1)

= B(D

K2asNCeNPMAX +LCA+3

NeNC
SUM=(Q

IO

NPL=N+1
L0 240 Ksi,HP1

SUMsSUM +SAL(N=M)aSALIM)

MakKe=1
CONTINUE
BEK2)=s SUM

WRITE(6,920) NC/BIKD),BIKL1)B(K2)
FORMAT(10X»2KN=, 14,

1M=,617,5)
CONT INUE
caLc A3 N)

DO 400 N=3,PMAX
PO 360 J=1,NPMAX

Slikzp
LNz J=
po 3s
Tek=1

.0
1
g Kzi,d

9K A(QaNI=,G17,5,9H

THRL  ACNgM)

SUMESIIM+SAL(LM=T)8A2(N=1,1)

CONTI

MUE

IBaAs LiN#NFMAX + N+l +| CA

B(1BA

y=SUM

ARITE(H,930) talN,SUM

CONTI
CONTI
FORMa

NUE
MUE
TOLOX,

DO 5C0 T=1,NPMAX

1P=1-
Do 45
Meu=1

IFCCIp-M) LT,
CALC FOINTERS

IBl=
{B2=
IB3=
|R4=
IB5=

81
IFC M

1

oJd=1y NPMaAX

MeNPMAX
Ma NPMAX
Vg NPMAX
MeaNPMAX
MaMPMaX

0)

+1P
*]P
+]P
« 1P
+]P

+EQe 07 GO

GO

1
1
1
1
1

T0

2HAC,TZ,1H, 12,2H)=,617¢5B)

T0 B40C

LA(S)
LACS)
LA(7)
LA(R)
LA(S)

+ + + + +

420

BUIB1)Y= A2(2#M =1, [P=1)/FAC(28M=1)

8

2

BUIB2)Y= A2(24F, IP=M)/FAC(2#M)

ACLIN)=,517,5,8H

ACZ2:N)



c ] B3
DELEBDELTA(IP=1=M)
B¢IR3Y=0,0
IF(DELNE, 0,0) B(IR3)® AZ(IP=M,M)
c B4
DEL=DELTAC [P=™)
B(IR4)Y=(0, 12
¢ [F(DEL «NFE. 0,0)B(IB4)=2DEL#A2(IP=MsMI/FAC(IP=M)
B%
BEIRS)=z SEL1(1)8AZ(2#Mrl, [P=M)
450  CONTINUE
500 CONTINUE

CALC 1 ST ORDFR SOLN

o000

SORTAL=SGRT((1.0+D)/G2)
IF(EFLAG,FlG,2,060 TO 550
COnN=1.0
IF(EFLAG,3T,2) CONBETAWes?
A100s-CON/E .
A101=,25
A110=21,0/30RTAL/S3RT2
B110=n,0
B101=SQRTAL/SuRT2/8,0
B100=z=8101#C0N
GO TO 80D

850 A4100=2=-,25
a101=,5
A110=1,0/3GRTAL
B101=0.25#5QRTal
B170=-B101
8110=D00

PUT I FIRST ORDER SOLN

OO

00 IPsLOK(1,0n,0,27)
B(IP)=AL10D
IP=LOK(1,2:,1,27)
B(IP)=A101
IP=LOK(1,1,0,27)
BlIP)=AL1
IPsLOK(1,2,0,28)
BOIP)=BALCD
IPaL0OK(1,0,1,28)
BtiP)=B101
1PaLOK(1,1,0,28)
BCIP)aB1iD
RETURN
910 FORMAT(1HND,Z0X,#B(% [2,%)28617,5)
900 FORMAT(iOXs#Nz®#]5,% A(N)=28(G17.5,% E(N)=#G17,5)
END

0
0
0
0
0
0
0
0
§
0
0
0
0
0
0
0
0
0
0
0~
0
0
0
0
0
0
0
0
8]
0
0
0



nogaez
00ﬁ323

o
00a
2332
0001333
000334
0003
000337
00@533
0093
00034
000342
00343
a5 4 4
ot
000
00@
000,
0o
008
000
546
000347
00@%43
00024
0001334
00Q!352

1353
00m554

000355

000356
005357
pog358

000:*>?

.....

OO0

500

800
200

[FUNCTION FAC(M)

FAC RETURNS WITH M FACTORIAL
IUSES STERLINGS APPROX AFTER 14 FACTORIAL

DIMENSION F(15) »
DATA F/19019ﬂ2006n)24381200372093504Deﬁ40320g536288033362880095
i 39916800»n4790016:0E*2a62270208aOE*20871782912QOE¢2/

1F¢ M, LT. 0)GO TC 800

iF( M, 6T,14)G0 TO 500

FaCeF(M+1)

N=M

RETURN

XNsN

FACE SQRT(6.2831530718aXN)eXNasNaEXP(=XN)

RETURN )

PRINT 900.M

FaC=1,0

EORMAT( 1H0,5%,110¢ 1H#) /30X, 34HERROR MESSAGE FROM FACTORIAL FUNCT,
1 10HIONs FAC /30X, 4 2HARGUMENT WAS, 110,5X, 16HFAC WAS SET TO 1/
26%;110CiHe) )

RETURN

EMD

|FUNCI}ON SALCINDX)
S$Al1= SMALL A WITH 1 ARGUMENT
COMMON LA(100),B(1)
IPs INDX +1
SAlz B(IP)
RETURN
E ND
FUNCTION SEL1(INDX) ,
SE1=s SMALL E WITH 1 ARGUMENT
COMMON La({1001),B(1)
IPs LA(2) +INDX +1
8Ei= BR(IP)
RETURN

END



000360
000361
000362
000363
000364
000365
000366
000367
000368
000369
000370
000371
000372
000373
000374
000375
000376
000377
000378
000379
000380
000381
000382

000383
000384
00p385
000386
000387
000388
000389
000390
000391
000392
000393
000394
000395
000396
000397
000398
000399
000400
000401
000402
000403
000404

OO O OO0

800

900

LFUNCTION a2(N,J)

A2 3 CaP 4 WITH 2 ARGUMENTS
COMMON LACL100),8(1)
COMMON/POINTS/NPMAX
1IF( J4,LT. 0) GO TO 8no
IF(N,EGs=1)G0 TO 300
IFC N,LT. 0) GO TO 800
1Pz JuaNPMAX+ N +1 L A(4)
A2z R(IP)

RETURN

A28 SBELCY)
RETURN
CONTINUE

FORCE TRACE BACK

PRINT 900,14

FORMAT(1HN,21HFROM A2 -~ N AND J ARE:2110)
Z%=10,0

Gm SQRT(Z)

CALL EXIT

RETURN

END

[FUNCTION LOKET,J,KyL)

COMMON La(100)

FIND LOCAT]ONS IN BUCKET FOR 3=D ARRAYS
COMMON/POINTS/NPMAX
IP=NPMAXS (NPHMAXSKeJ )+ T+L+ ACL)

ERROR CHECK

JFCIPLLE.LACL)Y +ORe IP.GT LA(L+1)IGO TO 800
LOK=IP
RETURN
PRINT 900.,1Js5Ksb
FORCE TRACE BACK
Z22=10,0
3aSART(Z)
CALL EXIT
RETURN
FORMAT(1HO,5X; 25HFROM LOK 1,J:K AND L ARE,4110)
END



000408%
000406
000407
000408
000409
000440
000411
000412
000413
000444
000415
000416
000417
000418
000449
000420
000421
000422
000423
000424
000425
000426
000427
000428
000429
000430
000431
000432
000433
000434
000435
000436
000437
000438
000439
000440
000441
000442
000443
000444
000445
000446
000447
000448
000449
000450
000451
000452
000483
000454
000455
000456
000457
000458
000459
000460
000461
000462
000463
000464

000465

|SUBROUTINE PERUG
NAMEL1ST/1DBUG/B1A00,B1A11,B1A21,E1422,B2410,B2400:B2411,

B3IAZ21,83441:83A10,83420
sR4ADN,B4A11,R4A10,B5A00,RDALNR5411

(ADY
JF1A1100,F1A1401,F1A1102,F1A1110,F141111,F1A1120
2500,510,514.8000,5400,8104,5110
»4100,4101,4110,B400,B101,B110
yD1AL70, 014200, D4A101,D44201,01A202,01A110,014210
8,024100.024101,02A110,03A100,0348101,034110,
9NAA105,D4A101,044110,064100.064101,064110,
#E34100,E5A100,E54401,E3A110,E5A411» )
1EP1A100,EP1A1061/,EP1A110,EPLAGOD,EPLAL11,E2A4100,E24204,82A110,
2E2A111,EszZOD.EZPAzoi.EZPAZUZ,EZPA210,EZPA22p,55PA200.EsPA201.
3554202, E5PA210,E5PA211,E5PAR20,E2PARLYL
4 +C1AL100,C24100,C24000,C2A410.C34000,C4A101,C24101

N AR B LN

B1411=B1A2(1,4)
B1421=8142(2,1)
B1A22=B142(2,2)

S2A00=B2A2(0,0)
BZA10=2B2A2(1,0)
B2A11=B242(1,1)

B3410=B3A2(1,0)
B3A11=8342(1,1)
N3420=B3A2(2,0)
33A21=B34A2(2,14)

B4A00=B442(0,0)
BAAL1=R84A2(1,1)
B4A10=B442(1,0)

BEACD=BREAZ(0,0)
B5410=B542(1,0)
B5A312B547(1,1)

FALA1100=F1A4(1,1:0,0)
F1A41013F144(1,1,0,1)
FLA11022F144(1,1:,0,2)
FLAL1110sF1A4(191:44+0)
F1A1111=F144(142:31:1)
Fia1120=2F1A4(1,1,2,0)

300852(0,0)
310=82(1,0)
5114=282(1,1)

3000=83(0,0:0)
S100=583(1,0:0)
$401s53(1,0+1)
$110s53(1,1.0)

B100=3B3(1,0,0)
B101=sB3(1:0,:1)
B110=8B3(1,1,0)

A100=5A3(1,0,0)
A101=543¢1.0,1)



000466
000467
000468
000469
000470
000471
000472
000473
000474
000475
000476
000477
000478
000479
000480
000481
000482
000483
000484
000485
000486
000487
000488
000489
000490
000491
000492
000493
000494
00D495
000496
000497
000498
000499
000500
000501
000502
000503
000504
000505
000506
000507
0005086
000509
000510
000511
000512
000513
000514
000515
000516
000547
000518
000519
000520
0005231
000522
000523
000524
000525

A1102543¢1,1,0)
ADL1=A2¢0,1)

D1A100=R1A3(1,050)
D14101=D143(1,0.,1)
D4 A110=D143(1,1,0)
EBPA2N22EPBAZ(2:0,2)
ERPAZ2002EPSA3(2,0,0)
ESPAZIL=EPSA3(2,0, 1)
ESPAZ102EPBATI(Z2:4, D)
ESPAZ11=ERPBA3(2,:1,1)
EBPAZ203EPSA3(2,2,0)
D2A100=D243(1,0.0)
D24101=D2A3041,0:1)
024140=D2A304,1:0)
D3A110=D34A3(1,0.0)
D34131=2D3430(1,0-1)
D34110=D3430(1,1,0)
DaA100=D44301,0,0)
Dad1G1=D443(4,0.:1)
D4AL110U=D4A30L1,1,0)
D6A100=D6A3(1,0,0)
DeA1(1=D64304,0.1)
DeA112D6A3(1,1.0)

ERAL10USE3A3(1,0,0)
ESAL100SESA3(1,0.0)
ESA101=E5A3(1,0:1)
ESA110=EBA3(1,1.0)
ESA111=E5A301,101)

EP1A100=ERP1AS(1,0,0)
EP1A101=EP1A3(1,0,1)
EFP1AL110=EF1A3¢1,1,0)
ERPLAQNQ=ERPLIAS(0,0,0)
EP1A111=EP1A3(1,1,1)

E2a100=E243(4,0,0)
E24101=E243(4,0.1)
E24110=E243(1,1,0)
E24111=E2a3(1,1,1)

E2PAZDO=EF2A3(2,0,0)

E2PAZ201=EP2A2(2,0,1)

E2PAZ023EP24A3(2,0,2)
E2PAZ10=ERP243(2,4,0)
E2RPA220=EFP2A3(2:2,0)
E2FAZ211=EP2A3(2:1,1)

C1a100=C1A3¢1,0.0)
C24100= C243(1,0.0)
C2an0ns C2A3(0,0,0n).
C24101=2C243¢1,0, 1)
C2a11us C2a3(4,1, M)
C3ap00s G3A3(C,0,)
C4a101= C4A3{1,0,1)
WRITE(&, [DBUG)
RETURN

END



0005286
000s27
000528
000529
000530
000531
000532
000533
000534
000535
000536
000537
000538
000539
000540
000541
000542
000543
000544
000545
000546
000547
000548
000549
000550
000551
000552
000553
000554
000555
000556
000857
000558
000559
000560
000561
000562
000563
00nsS64
000565
00n566
000567
000568
000569
000570
000574
000572
000573
000574
000575
p0ns76
000577

o000

i0

20

30

47

50

£00

BOD

CAME

[ELICTION R1A2
ConMG LAC100
COMTOI/POINTS
DATA vYNCALC/SB
[R=LA(E)
ASSIGH 10 TO
GO TO 600
B14z= TER"
RETUIR

ENTRY 8247
IRELA(S)
ASSIGH 20 1O
GO 10 600
Braz= TER™
RETURM

ENTRY B342
IB= Lal7)
AS81GN 30 TO
GO TU 600
B3A2=TERN
RETURN

ENTRY B4AD
IRsL.ACH)
ASSIGL 4D TO
GO TC A00
Baazs TERM
RETURRK

ENTRY H5A2
Bzl 4(9)
ASSIGN 50 TO
GO TC 80Q
B5A2s TERM™

RE THi

IFC 1,LT.0 .0
1Pz JualNPMAX +
TERM=iCIR)
1F¢( TFRM ,EB,
GO TO NPATH
PRIMNT 90Csl.d

Zz=1(,
WRBORT(Z)
CaLl EXIT

FORMAT(1HO, 31HFROM B wlTH 2 ARGS,

RETLIRY
END

{I+d)
YsB(L)
ZNPLIAX
MNCALC/

NPATH

ﬂPATH

NPATH

HPATH

WPATH

Re JuLT, 0 ) GO TO 870

I +1 +18

XMCALCYIGO TO 80N

FORCE TRACE BACK

T.aAND J ARE,2110)



000578
000579
000580
nonsag
000582
000583
000584
000585
000586
000587
000584
000589
000590
000591
000592
000593
000594
000595
000596
000597

000598
000599
000600
000601
000602
000603
000604
000605
000606
000607
000608
000609
000610
000611
000612
000613
000614
000615
000616
000617

000618
000619
000620
000s21
000622
000623
000624
000625
000626
000627
000628
000629

age

OO0

900

800

OO0

900

i0

LEUNCTION S

A3(1sd.K)

sMall. A WITH 3 ARGUMENTS

COMMON LAt
COMMON/POL

DATA XNCAL

100).8(1)
NTS/NPMAX

C/B5HNCALC/

IFC 1.LT.0 s0R, J,LT, 0 ,O0R, K.L.T, 0160 TO 800

IPeLOK(I,J
SA3=z B(IP)

K 27)

IFC 3A3 ,NE, XNCALC) RETURN

PRINT 900
FARCE

Ze=10,0
PrBQRT(2)
CALL EXIT
RETURN

1sJaK
TRACE BACK

FORMAT(1HO,24H FROM SA3 1,J,K ARE,3110)

END

JFUNCTION SBA{1,J,K)
SMALL B WITH 3 ARGUMENTS

COMIN LAt

100),8(1)

COMMON/POINTS/NPMAX

DATA XNCALC/BHNCALC/
IFC I.LT.N S 0R, J,LT,
IPELOK(I,J,K,28)

SR3= B(IP)

3 «0R. Ko7, DIGO TO 80°

[F( 333 ,NE, XNCALC) RETURN

PRINT 900,
FORCE

Z2=173,0
JaSQRT(Z)
CALL EXIT
RETURN

[,dpK

TRACE BACK

FORMAT(1HD, 21H FROM SB83 1,4,K ARE,3110)

END

IFUNCTION D
N=laBS{NUM
MeN/2

ELTACNUM)
)

IN2N= M o#2

ND=20
IFCINSNE D
INg 9 =({/
NDew]
IF{INEQ,
DELTA= ND
RETURN

EnND

GO TO 10
2182

OIND=1



000630 IFUNCTION SBICINDX)

000831 C sRiz5Mall, B8 WITH 4 ARGUMENT
000632 COMMON LACL00),B(1)
000833 IPs LA(3) + [WDX #1-
000634 3R1= B3(IP)

000635 RETURN

000636 EnD

000637 |FUNCTION CiAZ(PaMN)
000638 C Ciald=z CAP € 1 WITH 3 ARGS
000639 INTEGER P

000640 COMMON/ZPOINTS/NPMAX
00n641 CarMON LaCi00),B(1)
000642 , DATA XNCALC/BHNCALGC/
000643 c

000644 NG=1

000645 LC=12

000646 G0 TO 7090

000647 10 NETART= M+N+1

000648 XMP1zM+],

000649 SUM=0,0

000650 C

000651 N0 50 [sNSTART.P
000652 Sitdz QUM +  SBL(P=])aXMP1#8B3(] M+1,N)
000653 &0 CONTINUE

000654 geIP)=8UM

000655 100 C1A3ss5UM

000656 s RETURN

000657 c

000658 ENTRY C2A3

000659 C

000660 NCE2

0006614 L.C=13

000662 G0 TO 700

000663 110 NSTARTE M+N+j

000664 NEND=E P41

YY) sUM=(0,0

NDO0s66 ThP1is 2uN+i

000667 G

000668 DO 150 J=NSTART:NEND
000669 I2Jd=1

000670 IFC 1,LT. 1)G0 TQ 450
000673 SUMz SUM + SBL(P-1)aTNP14SBI(1,M,N)
000672 150 CONTINUE

000673 B¢ IP)=SUM

n00674 200 (C2a3=8UiM

000675 RETURN

000676 C '

000677 ENTRY (343

000678 NC=3

000679 LC=14



000680 GO TO 700

000684 210 XMP1s Mwy

0Q06A2 NSTARTEMe N,

000683 NPPi3 P+i

000684 $UM=0,0

000685 c

000686 DO 233 I=NSTARTNPPg

000687 SUY=SUM + SBL(NPPL=1)aXMPL1aSA3(1,M+L,N)
000688 250 CONTINUE

000649 BCIP)=SUM

000690 300 C3A3=5UM

000691 RETURN

000692 c

000693 ENTRY G443

000694 NC=4

000695 LC=15

000696 50 TD 700

000697 310 NSTART=M#N+1

000694 NENPzP+1

000699 SUM=0,0

000700 TN=28N

000701 c

000702 DO 350 JsNSTART:NEND

000703 lzd-1

000704 SUMESUM + TN#SBL(P=1)#SA3(1,M,N)
000705 350 CONTINUE

000706 BCIP)aSUM

200707 400 CHA3= SUM

000708 RETURN _
300709 706 IFC PyLT+0.+0Re MslTs 0 +OR» NeLTs 0) GO TO 800
200710 IP=LOK(P, M N, LC)

100711 sUM= B(IP)

100712 IF( SUM,EQ, XNCALCIGO TO(10,110,210,310),NC
300713 GO TO(100,200,370,400).N¢

100714 A00 PRINT 900,NCsPsMuN

200715 o '

100716 c FORCE TRACE BACK

300717 c

300718 7==-10.0

000719 3% S3RT(Z)

000720 CALL EXIT

000721 RETURN

000722 900 FORMAT(1HO,10X, 6HFROM C,12,  20HA3 = P,M, AND N ARE ,3110)

000723 END



000724
000725
000726
000727
000728
000729
000730
000731
000732
000733
000734
000735
000736
000737
000738
000739
000740
000741
000742
000743
000744
000745
000746
000747
000748
000749
000750
000751
000752
000753
000754
000755
000756
000757
000758
000759
000760
000761
000762

000763
000764
000765
000766
000767
000768
000759
090770
000771
000772
000773
000774
000775
000776
000777
000778

o000

a0

iae

R3O

e Nele]

OO0

lFUNCTION S2(R, Q)
INTEGER R:Q

COMMON LLA(100),8(1)
COMMON/POINTS/NPMAX
DATA XNCAL/SHNCALC/

CAP S WITH 2 ARGS

[FC R.LT.0 +ORy @,LT,0) GO TO 800
I[Pz 3aNPMAX +R +1 4L A(L1)
S233(1P)

IF( 32 NE, XNCAL)IRETURN

3UM=3,0

Do 1930 I=1pNQ

Ne =1

DO 90 K=1.NR

JrK=1

IF( J.WT. N) GO TO 90

IF( ReN=JaQ LT, O )GO TO 910
SiMs SUM + BBAZ(R=J,Q=N)# B2A2(J,N)
CONTINUE

B(IrP)=3UM

CONTINUE

S52=5M

RETURN

PRINT 900:R:2

FORCE TRACE BACK

2e~13,0

A8SIIT(2)

CALL. EXIT

RETURMN

FORMAT(LAN, 10X, 22H FROM §2 - R AND q ARE,2110)
END

LFUNCTION S3(R,§,M)
INTEGER RS
uowwoq LACLOD)Y 83 (1)
CNEUMON/POINTS/NPMAX
DATA XNCALC/BHNCALC/

CaP 8 WITHW 3 ARGS

IF( R,LT. O ,OR, S4LT,0 OR, M, LTs 0)GO TO 800
IPSLOK(R;SoMpia)

33= B(IP)

IF( S3,NE, XNCALC) RETURN

NENDs R=8=M#}
SUM=0,.0
DN 100 I=1,NEND



000779
000740
000781
000782
000783
000784
000785
000786
000787
000788
000789
000790
000794
000792
000793
000794

000795
000796
000797
000798
000799
000800
000803
000802
000803
000804
000805
000806
000807
000808
000809
000810
000811
000812
000813
000814
000845
000816
000817
000818
000819
000620
000821
000822
000823
000824
000825
000826
000827
000828
000829
000830
000834
000832
000833
000834
000835
000836
000837
000838

OO0

100

RQO

200

i0

20
30

40

B0
ioo0

110

Nel=1

SUM=SUM +1542(R=8=NsM)% BAA2(N+S, M)
CONTINYE

B 1P)aSUM

33s835UM

RETURN

PRINT 9N0 ,R,8,4

FORCE TRACE BACK

28-10.0
NE3ART(Z)
CALL EXIT
RETIRY
FORMAT(1HN, 1UX, 36HFROM S WITH 3 ARGS = R,S, AND M ARE ,3110)
END :

LEUNCTION O1A3(T U, V)

CaP D WITH 3 ARGS
COMMON/GAMS/GAMG1,62,6G3,D
COMMON/POINTS/NPMAX
common LACLI0D),B((1)
INTEGER TV
DATA XNCALC/BHNCALG/

N1
NDsl
LPRs1é6
cO TO 700
NEL=T=1
NEZ2=T=2
OPD=1,0+D
stiMi=0,0
SUM2=0,0
IF(T=2)80,20,20
DO 30 Jmi.NEL
SUMLzSUML + F1A4(T~JsJdsl,V)
CONTIMUE
IFC T.LT. 3160 TO 80
IF¢ v,LT, 1360 T 80
IF¢ T-U ,LT. 1 IGO0 TO 8D
DO 4D J=1,NEZ
5UM2= SUM2 #F2A4(T=1=drJrlU,V)
CONTINUE

BUIP)a =~QPD®( 2#SA3(T,U,V) + SUML) =G1#5UM2
D1A3s B(IP)
RETURN
D2
ENTRY D2A3
Nhe?
LDs17
GO TQ 700
NEL=T=2
NEZ22T=1
SUMi1sD.0
sSuUM2=0,0
IFC T,LT, 3160 TO 150
1IFC V.LT, 12G0 TO 180
IF(T"U aL.T- 1 ) GO TO 150

DO 130 J=i1,NE1L



000a83%
000840
0008414
000342
000843
000844
000843
000846
000847
000848
000849
000850
000854
000852
000853
000854
0008585
000858
000857
000858
000859
000860
000861
000862
000863
000864
000865
000866
000867
000868
000869
000870
000871
000872
000873
000874
000875
0004876
000877
0008786
000879
000880
000881
000882
000883
000884
000885
000888
000887
000888
000889
000890
000891
000892
000893
000894
000895
gagaveé
0008%7
0ooess

130
i%0

160

180
200

210

240
250
3on

320

340

371
400

410

SUMLzE SUML + FRA4tT=d=JsJslUsV)
COMNTINUE
IF(T.LT. 2)G0 TCO 48N

DO 160 J=1,NE?
SUMZ= GUMZ +F1A4(T=J,Jsl,V)
CONTIUE

BOIF)= =(1.0+4D)#SUNL-2,08G14SA3(T,LsV) ~GLaSUM2
D243= E(IP)
RETURN
03
ENTKY D343

NNz 32

Lheia

0 1C 700

NEND=T-1

Stim=0,0

IF(T.LT. 2) 6O TO 250

o z4y Js1.NEND
StteSiM + F3A4(T=JadsliyV)
CONTIMUE
BLIF)zs SB3(T,U,V) +8UM
D3A3=R(IP)
KE TURH
0a
ENTRY D4A3

ND=4

LD=19

GO TO 700

suUMi=Q, 0

SUMZ=0,0

IF(T,LT., 2)60C TO 370
NEMDsT=1

no 320 Jei.NENE

SUM1s SUML + FLA4(TeJ,JdslU, V)
CONTINUE

IFCT,LT.336G0 TO 370
IF(V.LT.1)G0 TO 370

IF({ T=U oLT. 1360 70 370
NFNDe T=-2

DO 340 Js1i,NEND
SUM2a SUM2 + FRA4(T=J=1sJsU,V)
CONTINUE

BEIP)s =G3#SA3(T,UsV) =3,08G1u8UM1 «G1#8UM2Z
D4A3=R(IP)
RETURN
" Ds
ENTRY D5A3

SUPE-L

LN=2)

SO0 TQ 708
sUils 0.0
SuUM2= 0.0



000899
060900
000901
000902
000903
000904
000905
000906
000907
000908
000909
000910
000911
000912
000913
000914
000915
000916
000917
000916
000919
000920
000923
000922
000923
000924
000925
000926
000927
000928
000929
000930
000931
000932
000933
000934
000935
000936
000937
000938
000939
000940
000941
000942
000943
000944
000945
000946
000947
000948
000949
000950
000951
000952
000953
000954
000955
000956
000957
000958

440
480

500

510

520

540
580
600

700

[eXeRe

800

[eXe R e

900

IF(T,LT:2) GO TO 480
NENDzT=1

DO 420 J=1,NEND
SUM1=SUML +F144(TayJsJ,UsV)
CONTINUE

IF(T.L.T+3)G0 TOQ 480
IF(V.LT 460 TO 480
[F(T=-U ,LT, 1 ) GO TO 480
NEND=T=2

DO 440 Js1,MEND
SUMZ2sSUMZ +F2A4(To=Jd=1,Js U V)
CONTINUE
B({IP)s ~GieSUML -Gi #SUM2
DRA3= B(IP)
RETU RN
06
ENTRY D643
ND=&
LDs21
G0 TC 700
sSUM1={(,0
SUMZ=0,0
IFC T oL.T. 2) GO TO B5A4ag
NEND= T=1

Do 829 Js1.NEND

StMes SUML + Fi1A4(T«Jrdall, V)
GONT [NUE

IF(T,LT, 3) GO TO 580
IF(V,LT, 4) 60 TO 580

IFC T-U .LTe 1)G0 TO 580
NENDE T-2

00 840 Jai1,NEWD

SUM2s SUM2 + F244(TeJmi s Jila V)

CONT INUE

BUIF)=~Gle{ 2,08SA3(T,U;V)+SUML+SUM2)
DeA3=R(IP)

RETURN

AFC T.LT, 0 WORs UskT. 0 ,OR, V,LTs 0360 TO 800

CaLC POINTER AND OK ON NO CALC

1P=LGK(T’U5V9LD)

IFC B¢IPY LEQ, XNCALCIGO TO(19,147,210:310,410,5102,ND
GO TO(100,200,300,400,500,600).ND

PRINT 900,NDyTeU,V

FORCE TRACE BACK

15=10.0
NeSGRT(Z)
Cal.L EXIT
RETURM

FORMAT(1HO, 10X, 7H FROM Ds12, 30HWITH 3 ARGS = TaUs AND V ARE

31100
END



000989
000960
000961
000962
000963
000964
00096%
000966
000967
0009é8
000989
000970
000973
000972
000973
000974
000975
000976
000977
000978
000979
000980
000981
000982
g009ald
000984
000985
000986
000987
000988
000949
000990
000991
000992
000993
000994
000995
000996
600997
000998
000999
001000
004001
001002
001003
001004
004005
001006
00ig07
004008
004009
004040
0010131
004012
001013
001014
004043
001046
001047
004018

iQ

20
30
90
100

110

i20
130
1990
200

210

220
230
290
300

iF JUCT]ON FLAG(N:M, G P)

S WITH 4 ARGUMENTS
CO»NuH Lac10n)yB(1)
INTEGER (,P

VF1

GO TO 600
NSO+
SUM=0,0
NPaPa1q

Do o100 JallNO
LMe =1

DO 9L Js1.NMNP

LhEd=1 ’

IF(N= M=,N)90,; 20,20

1F{( M+ MepP+ N)90,:30,30

AUMESUM + SA3(NLFsLNI®RSAZIM, G=LMyP={N)
CONT.UE

CONTINUE

FiA4asUM

RETURN

ENTRY F244
HF=2

GO 70 600
NQ=Q+1
NPsP
SUM=0,0

Do 200 I=1,N3

LME =1

B0 190 J=1,NP

LNz J=1

IF (=M= N)19(0,320:120
TF{M=Q+LM=P+14 M)190, 130,430
GUNZEUM + SBI(NLMaLNI#SBI(M; Qe M= N=1)
CONTInNUE

CONT INUE

FzadssSUM

RETURK

ENTRY Fla4
NF=3

GO TO »0D0
NAE-JoE X ]
NPaP+1
SUM=z0, 10

Do 30n I=21.MQ

LM2T=y

DO 290 Jz1.NP

LNsJ=1

IF(N=L M= 4)290,220.:220

JE( MG L M=P+LN)291:230. 230

SUMs SUMe SAZIN LM LNI#SE3I(M,; A= 11, P=LN)
CONT INUE

CONT INUE

F384=z5UM



004049
001020
004024
004022
004023
004024
001025
004026
001027
004028
004029
001030
004031
004032

004033
0041034
001035
004036
001037
0041038
004039
001040
001044
001042
001043
004044
004045
001046
004047
004048
001049
001050
004083
001052
001083
001054
004085
001086
001057
001058
004089
004060
004061
00ip62
0010623
00ipe4d
001065
004066
0040867
004068
004069
004070
001074
004072
004073
004074
0041078
001076
004077
004078

OO0

QSO0

600

800

eQo

i0

40
50

60

70
a0
i00

RETURN

1P¢ N,LT. O ,ORe MsLT.0 ,OR, Q.LT.0 +OR, P,LT,0)60 TO 800
IF(NF=2)10,110,210

PRINT Q9020 NF NsMsQ:P

FORCE TRACE BACK

Ze=10,

waSORT(2)

CALL EXIT

RETURN

FORMAT( 10, 10X, 6HFROM F,12,30R  WITH 4 ARGS N,M,@ AND P ARE,
1 4110)

END

[FUNCTION E1A3(R,K/L)

CAP E4 WITH 3 ARGS

COMMON LAC100),B(1)
COMMON/PQINTS/NPHAX
INTEGER Q4R
INTEGER D, C

DATA XNCALC/BHNCALC/

NEsq
LE=22
60 TO 700
5UM1%0,0
SUM2=0,0
NELzQmi+1

RO B0 I=4,NEL

Ma]~-1

[F( K=M LTy, 0)GC TO B0
NEZ2=QuM=| +1

DO 40 W=i,NE2

Re=1

IF(Q=R=M LT, 0G0 TO 40

IF(M+R”K eLT' D)GO TO 40

SUMi=z SUML + C3A3(Q=R M;L)#B4AZ{R:M+R=K)
CONT INUE :

CONTINUE

IF( Q=K=i, LT, 0)GO TO 80
NEi=z Q=K#4

NE2s L+1l

DO 70 l=41,NEY

Rel=1

DO 60 Jsl.NEZ

Maode g,

IF(Q=R=K=M |, T: 0160 TO 60
IF( R=L#*M ,LT, D) GO TQ 60
SUM2= SUM2 + (3A3{Q=R;K:;M)eB2A2{RL.=M}
CONT [NUE

CONTINUE

B(IP)= SUMiL +3UMZ2

E4A3=z B(IP)

RETURN



001079
004080
0010831
001082
001083
001084
001085
001086
001087
001088
001089
001090
004091
001092
001093
001094
001095
001096
001097
0064098
004099
001400
004101
001102
001103
0041404
001105
001106
001107
001108
001109
001110
004111
004112
001143
001114
001115
003116
001117
001118
001119
001120
001121
001122
003123

004124 .

001125
001126
0041127
001128
001129
001130
0011331
001132
004133
004434
004135
001136
001137
001138

10

140
150
165

160
170
180
200

210

EMTRY E247
FE2A3
E?

NE=?2

LFE=223

GO Tu 700

SUML=Rg,0

bUl’iZ: e :’:}

NElzU=*]

DO 157 Ist,NER
1 l-1 »
[FIK= LT, 0360 TQ 155

VERs GeMel +1

D0 140 Jsi,NE?

B NE )

IF( G"R"'l nlaT‘ U) L:O TO 140
IF( g=R=# ,LT, 0) GO TO 140
IF({ M+R=-K (LT, 0) GO TO 140
SUMLESUMY + C2A3(0=R,M)L)sR4A2(R, M¥R=K)
CONTINYE

SONTINUE

IF(R=K=L LT, 0)Y G0 TO 130
NE1=G=-K+]

29 170 Isg.NETY
R=lw1 _
IF(Q=-R=1,LT, 0) GO TO 180

wEZsl+l

DO 160 Jm1,NEZ

Aed=q

IF( U=~R=KaM LT, 0XG0O TO 180
IF(R=L+M [T, 0} GO TO 160
SUM2s SUM2 + C2A3(Q=R,;K,;M)#B2A2(R,L=-M)
CONTINUE

CONT INUE

BCIP)= SUML +SUM2

Eza3=B(1P)

RETURN

ENTRY E34%

CAP EZ
NE=S3
i.F=24
N TQ 700
3lhi=0,0
alM2=0,0
NEL1sGel,

No 250 I=1,NEQ
REDERE
IF(K=11 LT, 0160 TO 255

NEZ22 QeM=(

N0 240 Jal.NEZ2

Red=1

IF( g=R=¥=1 LT« D)GO TO 240
IF({ M+R=K ,LT, 0) GO TO 240



001439 §UMi= SUML + B4A2(R,M+R~K)a( C4AZ(Q=R,M,Lel) ¢ CLAI(@=RsM;L)} )
001140 240 CONTINUE

004144 250 CONTINUE

001442 255 [F{ G-1=-K=L LT, 0)GO TO 280
0041143 NEls A =K

004444 D0 270 I=1,ME1

004145 Rel=~1

004146 NE2=1.+1

004147 DO 2ol JstaNg2

004148 NENEE

004449 IF( G=1=ReK=M ,LT,0 )60 TO 280
001480 1FC R=L+M LT, IGO0 TC 280
001151 SUM2z SUMZ +BRA2(RiL=M)#( C4a3(0=F,K,M+1) + CLAZ{G-RyKsM} )
001482 260 CONTINUE -
0014183 270 CONTINUE

004154 280 BL1P)Y= SUMI+SUM2

0011588 300 E3A3= B(IF)

001186 RETUKN

001487 c '

001158 ENTRY E4A%

0044159 c CAP E 4

001460 ‘ NE=4

00416l LEs 25

004162 60 TO 7C0

D041163 310 SuUMi=0.0

004164 NEL=lo=],

004148 N0 38 I=z1,NEL

004166 ME =1

001167 [F K=t LT, XG0 TQ 3%
001188 NE223=M=|

001169 €

0014170 50 340 Js1,NE?

004174 Ra)=1

004172 [F(Q=5=2 ,LT. 0)GO TO 343
0014173 IF(Q=R=M=1 .7, GIGO TG 340
001174 1F{M+R=K LT, 0) 60 To 340D
001175 SUlHys SUMY * SAB(0=R=4,M, L )#B3A2(R+1,M+R=K)
001176 340 CONTINUE '
004477 I5C  CONTINUE

001178 355 S(IP)= SuMy

004179 400 E4A3= B(IF)

001180 RETURN

0044184 EMTRY ESAZ

D04182 C : CAP E B

004483 vE=B

001184 LF326

0041185 G0 TG 700

004186 410 SUM=0,0

00414187 Su2=0,0

001188 SUM3=(,0

0041189 IF( G=K=-l LT, 0)GO TO 435
004180 NEL=Q

0011934 NE2=sK#+1

004492 NEZ=L+1

0041493 DO 430 Is1,NEd

004194 Rzl=1q

004198 DO 425 J=il.NEZ

00414196 CaJ~1

001497 RO 425 [3s4,HES3

004198 SESE Y]



001199
001200
001201
004202
0041203
003204
001203
001206
004207
001208
004209
001240
001211
001242
0042413
001214
0042415
001216
004247
001218
001249
001220
001221
001222
004223
004224
004225
001226
004227
001228
004229
004230
001231
004232
004233
001234
004235
001236
004237
004238
004239
004240
001244
001242
001243
001244
001245
001246
0041247
001248
00124°
001250

420
425
430
435

440
450

460
470
480
500

700

200

OO0

900

IF{ G=R=C=0 .L.T: DIGO TO 420
[F(R-K+C~LeD LT, BIGO TO 420

SUMi= SUMT + E3(RKe(,L=D)#8SB3{R-R:CsD)
CONTINUE

CONTINUE

CONTINUE

NELEheRe]

NEZ=L+]

DO 450 I=1,MNE]
Kel=-1
IF( @“1“R .LTg D)GO TO ASQ

20 440 Jz1.NE2

O=d-1 -

IF(Q«R=K=D +[.T. QIGO0 TO 440
IF(R‘L+D aLTc U)GO TO 440

S2s SUM2 + S2(R;L=D)#*SB3(Q=R:K,N)
CONTINUE

CONTIRUE

NE1z(GemK

NEZ2=L

IFC L=1 LT, MGO TO 480

DO 470 lsi,NE1
Rel=1
IF( Q‘E'R :gTi O)GO TO 4&0

DO 460 Jsi,ME2

DeJd=~1

IF( Q=1=R=K=D LL7T, 0360 TO 440

[F( Red=L+0 LT 0G0 TO 460

SUM3=2 SUM3 + BLAZ2(R+1,L~D)# SD3(Q~1=R,K,0)
CONTINLIE

CONTINUE

BeIP)s SUMY +#5UMZ  =2,0&S50UM3

EsA3=R(1P)

RETURN

IFC Q. LTe 0 +0Rs KebLTs 0 ,O0R, L LT, 00 IGO TO &OD
IP=LOK(G1K)L9LE)

[FC BUIP) SEQGXMNCGALCIGO TO(10,110:.210, 3109410)9NE
GO TU(100;20013003400 500).NE

vPRINT 900, NE,Q,K;sl

FORCE TRACE BACK

27=10,0

JQ=SQRT(Z)

CalL EXIT

RETURN *

FORMAT(LHD 10X, 7H FROM Es[2, 15H R,K; AND L ARE311M)
END



001251
001252
004253
004254
001255
001256
001257
004258
001259
001260
001261
001262
001263
004264
001265
001266
001267
001268
001269
001270
001271
001272
001273
004274
004275
001276
004277
p01278
001279
0042380
001281
001282
001283
001284
001285
001286
001287
001288
001289
001290
001291
001292
001293
001294
001295
004296
001297
001298
001299
001300
004301
001302
004303
001304
001305
001306
001307
001308
001309
001310
001311
001312
001343
004344
001345
001316
004347
004318

C

10

20

30

40
50

6Q
RO
100

110

140

150
158

|FumCT10N EP1A3(Q:KaL)

CA® E PRIME WITH 3 ARGS
INTEGER ReDsCs 0
COMMOMN LACLOG) B(1)
COMMQOI/POINTS/NPMAX
DATA XNCALC/BHNCALC/

NEP=1

LEP=29

GO TG 700

SUM1=Q,.G

SUM2=0,0

SiM3=0,0

NEL=Q=L+1

DO 30 I=1.NE1

Mz]=1

IF(K=", LT, 9)60 T0 30

NEZE G=M=1,

DO 20 R=1.,NEZ2

IF( We=R=M=l, LT, 0IGO TO 20
IF( M+R=K LT, 0)GCO TO 20
SUMTLRUML + C3A3(G=R, M, L)#B4A2(R, M+R=K)
CONT InUE

CONT I RUE v

IF( G=K=L. LT, QIGO0 TO 80
NE1=(-K

NEZ= L+1

DO 50 R31,NE1L

00 40 1=1,NEZ

Mm -1

JE(R=R=K=i1 ,LT, 0IGO TOQ 4n
IFC Re-L+M LT, DIGO TO 40
SUM2s5UMZ + CIAZ(QR=R,K:M)#B2A2(R,| =M}
CONTINUE

CONTINUE

IF(A=K=~L~1 «LTs 0} GO TO 8O
KKP1sK+1

METART= 1+K+l,

DO 60 1=NSTART,O

G132 SUMB+ SEL(G=-1+L)eXKP1aSA3( 1, 4+1,.1)
CONT INUE

BEIP)Ys SuUML #3UM2 + Z,088UM3
EP1A3= B(IP)

RETURMN

ENTRY EP2A3

' CAP E PRIME 2
NEP=2

LEP=3D

GO TO 700
SUML=0.0

suMz=n,0
NEL2Q=l.+1

DO 150 I=1,ME4L
Mafewq
IF(K~M LTe GIG0 TQ 155

NEZ2=s QuM=|

00 140 R=1,Ne2

IF( G6~R=1 LT, 0) GO TO 140

IF( QeR=M=l, +LT: 0) GO TO 140

IF( M=R=K LT, 0) GO TO 140

SUML=SUML + CRA3(Q~R, M5l )4BAAR(R MTR=K)
CONTINUE .

CONTINUE

IF(Q-k=L LT. 0) GO TO 4180

NE12&=K



001319 C

001320 DO 170 Rsi.NE4

001321 IF(QR=2-1,1.Ty 0) GO TN 480
001322 C

004323 nEZEL+l

001324 DO 160 Jsl.NE2

0041325 Mz =1

001326 IF( G-=R=K=M LT« DGO TO 160
004327 IF{ R-L+M LT, 0) GO TO 160
001328 SUMP2s SUMP + C2A3(Q=R,K,M)#R2a2{RL=M)
001329 160  CONTINUE

001330 170 CONTINUE

001334 180 BOIP)= SUNL +5UM2

001332 200 EPZ2a3=B(1#)

004333 RETHRN

01334 C

0041335 ENTRY EPSA3

001336 c CaP EPRIME 8

001337 NEP=S

001336 LEP=31

004339 GO TQ 700

0041340 410  SUM1=5,0

001341 SUM2z).0

001342 SUM320, 0

001343 1F( G-K=-L LT, 0350 T2 43%
001344 NE1EG =1

0041345 NE22K+1

301346 NF3={+1

001347 DO 430 Rz1,NEY

001348 DO 425 Js1a.NE2

001349 Crd=-1

001350 DO 429 1334, NE3

001351 08]3=~1

0041352 IF{ G=R=C=D ,LT, 01GQ TO 420
004353 IF{R=K+C=L+D LT, Q)GD TO 420
001354 SUMiz SUML + S3(R,K=C,L.~DI#SR3(G~R,;CsDN)
001355 420 CONTINUE

004356 425  CONTINUE

004357 430 CONTINUYE

001358 435 NE1=Q-K

001359 NEZ2=L+1

004360 c ,

001361 DO 450 Rsi,NEL

001362 IF¢ G=1=R LT, 0G0 TO 450
001363 c

004364 DO 443 Jz1,NEZ2

001385 DaJ=1

001366 IF(GmR=K=D ,L.T, 0)GO TQ 440
0041367 1F(R=L+D ,L.T. DIGO TO 440
0041368 SUM2s SUM2 + S2(R,L=D)#*SR3(Q=R.K:D)
001369 440 CONTINUE

001370 450 CONTINUE

004371 NE1=G=K

001372 NEZ2=L.

004373 IF( L~1 LTy 0J)GO TO 480
004374 c

0041378 D0 479 Is1.NEA

001376 Kal=1

004377 IF¢ @=2~R LT, D)GO TO 480

001378 C



004379
0041380
004381
001382
004383
001384
004385
004386
004387
0041388
004389
004390
004391
004392
004393
004394
0031395
004396
001397
004398
001399
004400
00140%
001402

001403
001404
001405
001406
001407
001408
001409
001410
001441
001412
001443
001414
004415
001416
004417
001448
001419
001420
001421
001422
004423
301424
201425
J01426
201427
101428
101429

460
470
480
500

740

800

o000

[sRele!

OO0

QD

i0

D0 460 Jsi.NEZ2

DeJd~1

IF( w=i=R=K=L LT, 0)GO TO 460
IFC Fsi=-L+D LT, D)GO TO 460

SUM3s SUMB + BLAZ(R+1,L-D)e SR3I(G-1~R,;K,[)
CONT INUE
CONTINLE

BIP)=

EPLAZ=B(IP)
RETURN

IFC G.LT., 0 0OR,
IP=LCK(O,K,L,LEP) - ‘
IFC ROIF) LEQ, XNCALC) GO TOCL0,11n,800,8L0:410)NEP
G0 TOC100,200,800,800.5%0Nn),MEP
PRINT 900,NEP,QsK,l.

SUitL +SUM2

KolT, 0 sOks L LT,

FORCE TRACE BACK

Zg“ifhﬂ
NAESERTZ)

CALL EXIT
RETURM
FORMATCIRHN 10X,

END

BHFFROGM E P12, 1%k

wp , I#SUMD

| SUBROUTINE COEFF(CF,RHE: X, P, NP)
INTEGER P, GeH

COMMON/GAMS/ZGAM: 6L 62,63,0

COMMON/WALLBC/ETAW, RCURV,
COMMON/ZEPSFLG/ZEFLAG
DIMENSION CF{HP, NP ), RHE(1),X(1)

THIE ROUTINE CALCULATES THE COEFF MATRIX

AQ=SAY
A110s=

(0)
S§AZ(L,1:0)

NBRz (P+1)#{P+2)/2

DO 10
RHS( I
Xt1)=0
Do 10
CF(uJ, ]
CONTIN

121, NF
=0.,0

W 0

JEl NP
120, 0

UE

IRROTATIONAL EGNS

NRQW= 0
DO 100
KaN=1
NEND=
Do %o
LaMe=1

NB:L;P

PeK
M=, NEND

EPSIL

GaKo

ANL

L

0 GO TO 800

ARE,3110)



001430
004431
001432
001433
004434
001435
001436
004437
001438
001439
001440
001441
001442
004443
004444
001445
004446
001447
001448
001449
001450
00145}
001452
001453
001454
001455
001456
001457
001458
001459
001460
001461
001462
001463
001464
001465
001466
001467
001468
001469
001470
001471
001472
001473
004474
001475
001476
001477
001478
001479
001480
001481
001482
001483
001484
001485
001486
001487
001488
001489
001490

OO0

OO0

20
100

200
220
250
300

350
400

700
900

i

NRQOWzNROW +1

NEQL= La(P+i)e N & 1 « La&(l =1)/2 +NBR
CFINROW,.NCOLY= 2,0#FL0ATIN)}/AQ

NCOLz M2 (P+l) +K+ed » Me(M=13/2
CPINROW,: NCOL) 24 ,02F | 0AT(M)/ZA0
CONTINUE

CONTINUE

MOMENTUM EQN

NEl=F+1

D0 300 Isi1.NEL

Gel=1

NE2=z P-G+1

DO 250 J=1.NEZ

HeJ=1

NROW=NROW+]

NEOLz Ha(P+1)+ Lol ~HE(H=11/2
CFINROW:NCOLY2 =4, 0%{14,0+D)2A110/20
NCOL=NCOL, +NBB

CF(NROW,NCOL)= 4,02C22FLOAT(JIZAC

DO 220 M=i,1
Ka M=1
IF( P=1~K LTy 0 )GO TQ 220

DO 200 N=i,)

LaNe]

IF{ P-1={ LT, 0)GO TO 2010

IF¢ 1+K+l=G=H (LT, 0)GO TO 200
IF({ P=l=K=l, LT, 0} GO TO 200
NCOL=E L#(P+1) + Me] = L#(L~13)/2
TERMz =4, 08 (1, 0+D)#FLOATIMISSAZ( 1, 6K H=|, ) /40
CFINROW: NCOL)sTERM*CF{NROW, NCOL. )
CONTINUE

CONT INUE

CONTINUE

CONTINUE

NEND=P+1

DO 400 I=1,NEND

ER T

NEZ2z P=M&q

NROWsNROW+ 1

DO 350 Jsi1.NE2
REFLEE

NCOL= N#(P+1) + M 41 = N#(N=1)/2 +=NER
CF(NROWQNCOL)ﬁlsQ

IFCEFLAG,GT 2, 0)CFINROW:NCOLYSETAWSR s 2aN+1)
CONTINYE

CONTINUE

GET R, H, SIDE

CALL RHSINE(RHS;P)

DO 700 1=4,NROW

WRITE(H,900) 1, (K, CF(],K),Kai,NROW)

WRITE(6,910)RHS( 1)

CONTINUE

FORMAT(LHD,: 28HCOEFF MATRIX AND RMHS FQR ROW, 15/
(10X 5(15,616,5))



001491
003492
004493
001494
001495
004496
004497
001498
001499
004500
001501
004502
001503
001504
004505
001506
004507
001508
001509
001510

001511
001512
001543
004514
001515
001516
001517
004518
001519
001520
0045231
001522
004523
001524
001525
001526
004527
001528
001529
001530
0041531
001532
004533
001534
004535
004536
004537
001538
001539
004540

00O

910

800

900

FORMAT(LOX, 4HRHSs 617,686}

RETURN

END

SUBRQUTINE RHSIDE{RHS,P)

INTEGER P

DIMENSION RHB{1I

NMAXz(P+1)ae2

NRBsP#(P+1)/2

NROW=0

CALL IRROT(RMWS,;P,NROW)

[F(NROW NE. NBR)GO TO 8g0

CALL MOMEN(RHS,P,NROW)

IF(NROW ,NE. NMAXIGO T0 800

RETURN

PRINT 900; NROW:P;NBB,NMAX, {1 ,RHS(1i, 31 NROW)
CaLl ExIY

FORMAT(4LHL, 10X 20HIMPROPER NUM OF ROWS,
1 20H NRQW,P,NBB;NMAX ARE417/10X,
2 . 1&4HTHE RHW SIDES ARE/(10X,15,617,8) 1}
END

ISUBROUTINE MOMEN(RHS; Ps NROW)
ROUTINE TO CALC R.H, SIDE OF MOMENT EON

DIMENSION RHS(1)

INTEGER P:T:H:G

COMMON/GAMS/GAM;GL2G2,63,D

NAMEL1ST/BUGS1/ SUML,SUMZ2,8UM3,SUM4,5UMS,5UMb,
i SUM7, SUMB , TERMZ2, TERM3

NEND1=P+1

DO 1000 lis1,:NENDY
Gali=g

NENDZ2=P=0G+1

DO 9ap 12=1:NEND2
He[2a1

NROW2NROW+
SUMi=0.0

SUM2=20,0

SUM3=O;0

§UM4=0,0

SUMB=0,0

SUMé=z0,0

SUM720,0

SUM8=0.0

NELleP=i

NE2=2Ge 1

DO 100 Ts2:NEY
1FiP=3% LT, D03 GO TO 400



004841 DO 8Q Jsi.NE2

004542 Kad=1

0041843 {F{P=T=K ,LT. D3IGO TO 100
001544 NEZ=kH%1

004845 DO 60 I=i.,NE3

001546 LElel

004847 IF(P=T~L. .LT: QIGO0 TO &0
001848 (F(T-G+K=Hel LT, QIGO0 TO 80
001549 SUML=SUML ¢ E1A3(P=T K, L)sDL1A3(TyCoKpH=])
0041550 60 CONTINUE

0041551 80 = CONTINUE

001552 100 CONTINUE

0015%3 IP(P=2 oL,T: DIGO TQ 155
001554 NE1=zP=}

004555 DO 150 Js1l.NE1

004554 SUM2=SUMR+F1A4(P=JsJ,; 0, H)
00415887 150 CONTINUE

001558 SUM2=(1,.0+*D)«5SUM2

004559 155 IF{P=3 (L.T. 0)GO TO 201
004560 IF(H=1 LT, QIGO0 TO 201
0041861 [F(P=4~G ,LT. Q3GD TO 2031
001562 NEZ22=P»2

001563 SUM22=0.0

001564 DO 190 Jsi,NEZ2

001545 SUM22=8UMZ22%F244(Pwi=JiJsGsM)
0041566 190 CONTINUE

001867 200 SUM2=sUM2+GLwSLM22

001568 201 NELi20G+1

0041569 NEZ2zHwl

004870 DO 300 Isi.NEZ

004571 Kel=1 '

004872 IF(P=4=K ,L.T. Q)GO TO 300
004573 DO 280 Je1.NEZ

004574 LeJel

004575 IF{P=1~L. ,LT, 0)GO TO 280
001578 IF{i+K&l~G=H LT, QIGO0 TQ 280
001%77 SUM3=SUMB+SAR{ 1 GoKe M= J#ERPLAZ(P=1sK,L.)
001578 280 CONTINUE

004879 300 CONTINUE

N01%60 c

0045831 G 4 TH 8UM

004582 . G

0041583 JF{P=1=G=H LT, 03} GG TO 400
001584 NET1eGeH+q

00158% NEi=p

004586 DO 380 JsNSTL,NEQ

001587 1ed=q

001888 IF{I=4 LT, 0DIGO TO 380
0041589 SUMA=SUMA+SBL{P~]1188B3( I, G, H)aFLOAT(Z2%H+])
0804590 380 CONTINUE

001591 400 SUM4=2,04SUMEHERP2AIIP, G, H)
001592 C

001553 c 5 TH SiM

001594 ¢ :

001598 NE12Pw=1

001896 NEZ=Gw ]

004597 NEJZaH+1

0041598 G

n01599 Do 500 T=1.NEL

0041600 DO 48n Isi,NE2

201601 Kslwi



001602
001603
001604
004605
001606
004607
004608
001609
001640
001611
001642
001613
001644
001615
001616
001617
001618
001619
004620
001621
001622
001623
001624
001625
001626
001627
001628
001629
001830
001631
001632
001633
001634
001635
001636
001637
001638

001639

001640
001641
001642
004643
001644
001645
001646
001647
001648
004649
001650
001651
004652
001653
001654
001655
001656
001657
001658
001659
004660
001661
001662

c
c
v

a0

e 2ele.

OO

460
480
500

560
580

- 800

601

680
700

710

i

IF(P=T=K LT, 0G0 TO 480

DO 460 J=i.NE3

Led=9g

ZF(P"TvL QQT@ Q)GO TQ 460

IF{T=CeKeH+l. LT DIGO TO 460

SUMB=SUMS +E2AZ(P«T:Ksl, 18D283( T GKpHml,)
REBAR(P=T Ry LIZDEAB( T GoRy=L)

CONT INUE

CONTINUE

GONT INUE

6 TH SyM

IF(Pmi&G aLTe D)QO TO 601
IF(H=1 ,LT. DIGO 7O 501
NELePwq

NEZ22Ge1

NE3=H

DO 600 T=1,NEY

DO 880 Is1.NE2

Ka]=1

[F{P=T=1=K (LT, QIGO0 TO 580

DO 540 Jul.NES

heW=1

IF(P=Twdi=l, :LTs QIGO0 TO 560
JF(TmGeK=Helel LT: QIGO0 TQ 560
SUME=SUMESEIABIP =T K L) #D3A3{ T G-KoH~d"|,}
CONT INUE

CONTINYE

CONTINUE

TERM2=0, U
IF(G=1,LT.0360 TO 740
IF(H. EQ. 0)TERMZ2=2, 02G22R342(P,P=%)

7 TH SuM

NELl8Pai

NEZ2=P

DO 700 1%1:NE1
Kal=1

NET2= M+ K+q

1IF({G=K LT, 0)GO TO 700

[F(P=i=H=K ,L,T, DIGO TO 700

DO 680 J=NBSTZ2,NER

Tou=]

IF{T=1 LY. D3IGO TO &80

[FIKP=T=»C L. Ts DIGO TO 680
SUMTeSUMTSDEAB( T K H)#B3A2(PR=T  K+P=T=6)
CONTINUE

CONTINUE

8 TH suUM
IF(P=3,LT,0260 T0 810

IF(6=1,LT,0)60 TO B4Q
IF(P=4=6,L.T,0)60 TQ 840

 NEL®=P=2



001663
001664
004665
001666
001667
001668
001669
001470
001674
001672
001673
001674
001675
001676
001677
001678
001679
001480
001484
001682
001683
001684
001685
001686
001687
001688
001689
001690

001691
001692
001693
001694
001695
001696
001697
001498
001699
061700
001701
001702
001703
001704
004705
001706
001707
001708
001709
0017410
0017114
0041712
001713
001714
004718
001716

OO0

(e R ele]

NE2=G
NE3IzM+q

DO 800 Ts1,NE4L

Do 780 I=4,NE2

Kglwq

(F(P=T=1=K,L.T,060 TO 780

D6 760 Js1,NE3
LeJ=1
IF(P=T=1=L +LTs 03GO TO 760
JF(T=GhisK=Hel, LTy 0IGQ TQ 760 '
SUMB=SUMR+DBAS( T, 61K, H=L)#E4A3(P=T,K,L)
760 GONTINUE
780 CONTINUE
800 CONTINUE
Bi0 TERM3IaEPSA3(R,;G,H)

COLLECT TERMS

910 RHS(NROW)=2-SUML1+Z,0#843(1,1,C)#SUM2/SAL(0)
i +2,0801,04D)88UMI-G20SUM4-SUMS
2 +G2#SUME~TERM2~2,0#SUMT7
: 3 =2, 08SUMB=G2# TERMD
980 CONTINUE
1000 CONTINUE
RETURN
END

| SUBRCUTINE IRRQT(RHS, P, NROW)
DIMENSION RHS(L)Y
INTEGER PyR:T»GyH

CALC RIGHT HAND SIDFES

BPMissBi(P~1)
DN 1000 133,P
Kslim1
NEND2z2P =K
DO 980 12=1:NENDZ
Lei2=1
TTLP1a26(L+1)
NROW=NROW#*1
SUM1=20,0
SUM28Q0,0
SUM3=0,0
SUM4s=(,0
SUMBs(,0
SUMé=Q0, 0
SUM7=0,0
SUMB=0,0
IP( K=1 L.T«0)GO TO 101
IF( P=3 ,L.T:03)60 TO 104
NEZ28P =1
- NE1zPei={,



001717 DO 100 Isi,NEY

001718 Melet

0041719 IF( K=1=-M LT, 0) GO TO 100
001720 NETeMal ¢4,

001721 DO 80 J=NST.NE2

0041722 ReJ=1

004723 IF(R=1 LT, 0)GO TO BQ
0041724 [F(P=1=R+M=K LT, 0)IGO TQ &0 :
Q01725 SUML=3LMY, ¢ B3A2(P-1=R,P=1=RsM=K)#SBI(R ML}
004726 a0 CONTINUE

001727 100 CONTINUE

004728 C

001729 C 2 ND 3yM

001730 C

001734 i01 NEi=P=-l

001732 c .

004733 DO 200 Jei.NEL

001734 MeJ=1

001738 IF(KeM (LT, 0)G0O TO 200
0041736 [F(P-M=L =2, LT, 0160 TO 200
004737 NSTaMel +1

001738 NE2EP=1

004739 DO 180 RaNST,NEZ

001740 SuM22=20.0

004741 IF(P=R+M=K (LT, DIGO TO 180
001742 NST2=M#l +1 ‘
001743 DO 160 I=sNS8TZ2,R

004744 BUM22=8UM22+FLOATI(M+1L)#8B1 (R~ )eSR3( ], Med,L)
0041745 160 CONTINUE

001746 SIM23SUM2+BE4A2(P=RyP=R+M=K)#5M22
001747 180 CONTINUE

N01748 200 CONTINUE

004749 ¢

004750 C 3 RD syM

001751 c

10417582 NSTARTsK+|.+1

g01753 NENDspP=1

001754 BPMi=SBi(P~1)

001755 DO 300 IsNSTART,NEND

001756 IF(P=K=,-2 +L.T. 3) GO TO 300
004757 SUM3sSUM3IHBPHASRI( T, K*1, L)
0017548 300 CONTINUE

001759 C

004760 c 4 TH SUM

0047641 "

004762 NEi=sL+j4

001763 NE28Pml

0041764 NET2aK#y

001765 00 400 Js1i.NEL

0041766 Majeq

004767 IF(P=K=2,LT:0)60 TO 400
0041768 DO 380 R=NST2,NE2

004769 5UM4450,0

001770 IF(R=1~K=11 4L, T, 0Y GO TO 380
001774 o IF(P=R=L &M ;1.Ty 0) GO TO 380
001772 c

004773 NET3sK+Meq

0041774 DO 350 1=NS§T3,R

001775 SUMa 4= suM44+sB1(R I)*FLOAT(K*i)#S33€InK*laM)
0041776 350 CONTINYE

004777 © SUMA=ZSUM4+B2AZ(P=-RsL«=M)8SUM44



004778
004779
001780
001781
001782
001783
001784
004785
004786
001787
004788
001789
001790
004794
001792
004793
001794
001798
001796
001797
0014798
004799
001800
001801
001802
001803
001804
001808
001806
004807
001808
001809
001810
001811
001812
001813
001814
001815
001816
001817
001818
001819
001820
001821
001822
001823
004824
001825
001826
004827
0014828
001829
001830
001831
001832
001833
001834
001835
004836
001837
004838

QOO

o000

ono

OO

380
400

450

48¢C
500

600

650

680
780

CONTINUE
CONT INUE

5 TH sSUM

NEisP-L

NFE2=P~1

DO 500 Jei.NE1

MEJe=1

IF(K=M ,L T, 2360 TO 500
[F(P=-M=L=2,LT,0)60 TO 500
NET2aM+L+3

DO 481 RsNST2,NE2

SLMB5=C,0

IF(P=-R+M=k |, T, 0160 70 480
NST3sM+l %1

DO 450 1=NST3,R
SUMBBsSUMES+SEI(R=[)IeTTLP1#SA3( 1, Msl 1)
CONTINUE .
SUMB = SUMS+BAAZ(P~R,P=R+M=K)aSUMBD
CONT INUE

CONTINUE

& TH SyM

NETLsK+L+1

NElsF~1

DO 600 l=rMEL,NSTH

IF(P=K=,=2 +,T. Q) GO TO 600

BUM6 = SUM6 +EPMIsTTLPL#SA3(],K,L+1)
CONTINUE '

7 TH 3UM

NEL =l +]
NE2=P=~1
NET2zK+1,

DO 700 Mz1,NE3L

IF(PaK=2,LT.0)60 TQ 7C0

DO 630 Rz=NST2,NEZ

SUM77=0,0

IF(R=K=M LT, 0G0 TC 68Q
1F(P=R=L=1+M L.T, O)GC TO 680

NET3=K+M

TWOM=2aM

0o 650 1=sN8T3,R

[F(R=1 ,LT. 0Y GO TO 450

SUM77 & SUM77+SBIL(R=1)#TWOMBSAZ( T K, M)
CONTINUE

SUM7 s SUM7+B2AZ(P=R,;L+1=M)#8UM77
CONTINUE

CONTINUE

8 TH sSUM

IF(K,EQ.Q) SUMBsB1A2(P,L+1)
NEdl=lL+]

NE2=2P

NET2=K+1



001890
001891
001892
004893
0041894
004895
004896
001897
00189%
001899
001900
001901
004902
001903
001904
001905
001906
004907
004908
001909
004910
001911
001912
001913
004914
001915
001916
001917
n01918
001919
001920
p01921
001922
001923
001924
0041925
001926
001927
001928
001929
0019390
001931
001932
001933
001934
001935
001936
001937
001938
0041939
004940
0041944
001942
001943
001944
004945

i20
125
130
135
137
140
145
143
147
150
155

156
157
160
165
168
170
175

180
200

203
205
210
220
225

230
235

240

M{K)=.)

CONTINUE

WROW=L (K)
IF(L(K)Y=K1435,135,125
DO 130 I=z1,N
HOLDs=-ACK, 1)
AtK,1)I=ACJIROW, )
ACJROW, 1) amOLD
I1COL=M(K}
IF(M(KI=K)145,145,137
DO 140 JzieN
MOLD=E=-a0JsK)
ACJoKIZEACIICHAL)

A J, ICOL)=mCLY
IF(A(K,K))1147,143,147
TEST =1.

G0 TO 235

DO 155 ICsisN
IF(IC-K)150:15%5,150
ACIC, KYZALICK)/ (aA(K,;K))
CONTINUE

NO 186% ls1:N

DO 1658 Jzi,N
IF(1=-k)1537,1465,1E57
[F(J=K)160;145,160 _
ATad)sAC(l,K)nalkK,Jd+p(1,J)
CONTINUE

DC 175 JR=1.N
IF(JR=KY170G+475,170
ALK, JRISA(KIJRIZA(K,K)
CONTINUE
CETER=DETER#A(K,K)
ALK, KY=1,0/7A(K,K)
CONTINVE

KaN

KeK=1
IF{K)»35,235,203
IslL{K)
IF(I=K)220,220,205

20 210 JsieN
AOLD=A(J,K)

Al JeKYs=A0 Uy 1)

Al 1)Y=HOLD

LJEMIK)
1IF(J=eK)I200,200, 225

DO 230 f=1,N
HOLDEA(K, 1)

AR, TYes=A(Je 1)

AlJ, 1)=HOLD

GO TO 2900

o0 240 I=1,N

DO 240 Jsi,N

AT 3= ACEsY/ROI/ZCLT)
CONTINUE

RFETURN

END



001946
004947
004948
001949
001950
001951
001952
001953
001954
004955
001956
001957
001958
001959
001960
001961
001962
001963
004964
001965
001966
004967
001968
004969
004970
001971
001972
001973
001974
001975
001976
001977
001978
004979
001980
001981
001982
001983
001984
001985
001986
001947
001988
001989
001990
001991
001992
001993
001994
001995
001996

OO0

[SUBRQUTINE SOLN(CFsRHE X, P,NP)

DIMENSION CF(NP NP) jRHS{1) ¢ X(1)sLLC144),MM(144),CC(144)
COMMON LACL100),B(4)

INTEGER P

ROUTINE TO CALC SOLN VECTOR AND MAP
IT INTO THE SA3 ARRAY

e XeXele

NORDERs(P+1)8{P+2)
CaLL INVRT(CF:LL»MM;X.CC.NP.NORDER.DET>

CALC SQUN VECTOR

OO0

DO 100 I=1,NORDER
SUM=0,0
0 90 Je1,NORDER
SUM=SUM+CF (14 J)#RHS (W)
90 CONT INUE
X(1)=8UM
100 CONTINUE

MAP SOLN VECTOR

NEP+]
NMeN+1
NBBaNaNN/2
DO 200 1llsi:N
ANEMN=]
Ia]llsi
ne 150 JJlinNN
NENNLE]
NeisJaN+eimja(J-1)/2
NCZ2BNCL1+NRB
LOC1=LOK(P, 1,4,27)
LOC23LLOK(P, 1,J,28)
BILOCL)=X{NCL)
BILOC2)=XI(NC2Z)
WRITE(S,G00)IP, IsJaXINCL) Pl Jde XINC2)
150 CONTINUE
200 CONTINUE ‘
900 FORMAT(LHO.5X, 2HA(,12)1iM, s 12:,4H,412,2HY2,G16,:5,
1 BXy 2HBL,12,1Hr 012,45 12:2H)2:0646,5)
RETURN
END
LEDATA
GAMMA = 1:4:
N = 0,05,
EFLAG ] Zel
PMAX a B,
RCURV 8 0.25;
SEND
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